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Abstract—We summarize the electric-field dependence of absorption
and luminescence in quantum wells for fields perpendicular to the lay-

N ers, present extended discussion of electroabsorption spectra and de-

vices in waveguide samples, and derive sum rules for electroabsorp-
tion. Optical bistability, self-linearized modulation, and optical level
shifting are demonstrated in self-electrooptic effect device configura-
tions, with good modulation contrast and polarization-dependent
properties. The electroabsorption spectra enable quantitative compar-
ison of theory and experiment for absorption strengths in quantum
wells with field. The sum rules enable excitonic effects to be included
in the comparison, and good agreement is seen. One sum rule is also
more generally applicable to electroabsorption in semiconductors.

I. INTRODUCTION

N recent years, the optical properties of quantum wells
(QW’s) have been the subject of increasing interest. The

“=linear optical behavior has long been known to show much

interesting structure that reflects the quantum confinement
of the carriers [1]. Some more recent studies have con-
centrated on the nonlinear optical properties [2] and the
electric-field dependence of the linear properties (e.g.,
electroabsorption) [3]-[37], particularly those associated
with the exciton absorption resonances near the bandgap
energy. Both of these have proved to be fruitful areas of
study, and it is some aspects of the second that will con-
cern us here.

One reason for increased interest in both of these areas
is the possibility of practical applications. Exciton reso-
nances in bulk material have interesting nonlinear absorp-

= tion and electroabsorption properties, but these are largely

restricted to low temperatures. In QW’s, however, the ex-
citon resonances are clearly resolvable at room tempera-
ture (see [2] for a discussion of room-temperature QW
excitons). As a result, these resonances can be exploited
in QW’s. The QW room-temperature excitonic absorption
saturates in a manner superficially similar to that of low-
temperature bulk materials, although there are important

~ differences in the detailed mechanisms, such as the rela-
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tive importance in Coulomb screening [38]. One appli-
cation of this nonlinearity is to passive mode locking of
laser diodes with stable trains of single pulses [39]. For
electroabsorption with fields parallel to the QW layers
{20], the effects are also similar to those of bulk semicon-
ductors, except that they can be seen very clearly at room
temperature; one possible application of this is to subpi-
cosecond electrooptic samplers for measurements of very
fast electrical transients [36]. However, perhaps the larg-
est variety of speculative devices using room-temperature
QW optical properties relies on the consequences of elec-
tric fields perpendicular to the QW layers [4], [8], [9],
[12], [14], [15], [16], [19], [22], [24], [25], [26], [28]-
[30], [33]. Two effects are seen in this configuration that
are of device interest. In luminescence, the light emission
can be quenched with field, suggesting applications to
modulation of light sources [4], [15], [16]. In absorption,
the band edge can be shifted to lower photon energies with
applied fields, while still retaining the excitonic reso-
nances. This electroabsorptive effect has been called the
quantum-confined Stark effect (QCSE) [10], [20]. The
QCSE is obviously qualitatively different from bulk elec-
troabsorption at any temperature. It is therefore particu-
larty interesting both from a practical and a fundamental
viewpoint, and it forms the basis for a variety of modu-
lators 8], [12], [14], [22], [24]. [26], [28]-[30], [33] and
optical switching devices [9], [19].

In this paper, in addition to a brief summary of electric-
field effects on QW optical properties, we will be con-
cerned with the QCSE in QW waveguides, presenting an
extended discussion of experimental results {29] and some
devices in waveguides containing only two QW’s. The
waveguide enables both distinct optical polarizations to
be investigated, showing clear selection rules. It also gives
particularly clear spectra because there is no field inho-
mogeneity as in multiple QW measurements, while still
allowing absolute measurements of absorption strength not
complicated by quantum efficiencies of photodetection or
luminescence. We are able to examine the broadening of
exciton resonances with field, and we can use the absolute
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absorption measurements to compare absorption strengths
in the presence of perpendicular fields to theory.

To compare theory and experiments for absorption
strengths, we will also derive sum rules for electroab-
sorption. One of the rules that we derive is applicable to
electroabsorption in general, and the other two give more
specific information for quantum wells.

This paper is organized as follows. In Section II, we
briefly summarize some related work. In Section III, we
present our experimental results in the QW waveguide.
We show results for a variety of device configurations.
We present the detailed spectra for electroabsorption in
both polarizations and analyze these in the light of ex-
tended calculations of shifts and overlap integrals. To at-
tempt to explain some empirical observations, sum rules
for electroabsorption are derived in Section IV and are
compared to experiment. Finally, we draw our conclu-
sions in Section V.

II. SuMMARY OF ELECTRIC-FiELD DEPENDENCE OF
QuaNTUM WELL OPTICAL PROPERTIES

The history of this subject is brief, but active. We have
listed some of the work most directly relevant in approx-
imate chronological order in {3]-[38]. The first interest in
electric-ficld dependence of quantum well optical prop-
ertics was in their luminescence behavior [3]. [4]. For
fields perpendicular to the quantum well layers, the lu-
minescence was observed to quench in relatively narrow
wells (=30 A) 3] with moderately large fields on the
order of 10" V/em. Independently, a device was proposed
that would rely on just such a property [4]. In absorption,
large changes in absorption were observed in somewhat
larger wells (~ 100 A) [6]. |8]. In particular. it was con-
cluded [8] that perpendicular fields resulted in large shifts
in absorption, including the exciton resonances, to lower
photon energies in a manner quite unlike the electroab-
sorption in bulk semiconductors. The electroabsorption
was of obvious applicability to optical modulators {8}, and
another class of nonlinear optical devices relying on this
clectroabsorption  [the self-clectrooptic  eftect device
(SEED)] followed |9].

The first quantitative attempt at explaining the lumi-
nescence behavior was in terms of reduced overlap of
electron and hole wave functions [5]. This was not suc-
cessful as an explanation for the initial measurements [3].
although it was important tor the subsequent explanation
of the electroabsorption phenomena. Subsequent time-re-
solved luminescence measurements [17] showed a de-
crease of luminescence lifetime with field in these sam-
ples, qualitatively consistent with tunneling of carriers out
of the well as being the dominant lifetime. The electroab-
sorption was successfully explained through a mechanism
called the quantum-confined Stark eftect (QCSE) [10],
{20]: independently, many parts of this mechanism were
also proposed [11] as an extension of the work of [5].
Recently, it was observed that luminescence lifetime could
be increased with field in samples with well widths more
comparable to those used in absorption [31], in approxi-
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mate quantitative agreement with the overlap mechanism
[5] and in a manner consistent with the QCSE. Here we
will outline the key features of both luminescence and ab-
sorption behavior and their explanations from the view-
point of the QCSE.

In absorption or luminescence, we are concerned with
an electron-hole pair, either in creation or destruction.
The photon energy at which we see absorption or emis-
sion will be approximately the pair state energy calculated
in the absence of a radiation field. This is the approach
that has been taken in all of the theory so far. The strength
of the transitions is not usually strong enough to warrant
a dressed state approach. In general, the electron and hole
interact with each other through the Coulomb interaction,
and this excitonic effect should ideally be included in
evaluating the states of the system [10], {11], [20], al-
though most theoretical papers choose to neglect it [5],
(18], [21], [23], [27]. The confinement of the particles is
usually in such a large volume that an effective mass en-
velope function approach can be used, although some
possible effects of going beyond this approximation have
been noted [23]. In the presence of the field, there are,
strictly speaking, no bound states of the system, but it is
presumed that those states of interest live long enough to
give a well-defined optical transition; in some theoretical
work, this width is calculated [10], [21], [20], [23], [40].
The strength of the transition in the envelope function ap-
proximation is usually presumed proportional to the prob-
ability of finding the electron and hole in the same unit
cell (we will discuss the validity of this below): if exci-
tonic effects are neglected, this reduces to the square of
the electron-hole overlap integral in the direction perpen-
dicular to the layers. The theories therefore calculate the
energy levels of the pair states, the widths of the **states™
in energy, and the absorption probabilities.

Because of the effective mass envelope function ap-
proximation, the problem of the electron-hole pair states
reduces to the analysis of generalized hydrogen atom
states in an electric field. The masses and dielectric con-
stant are different and nonisotropic, but the principal qual-
itative difference compared to the Stark shifts in a hydro-
gen atom is the addition of a confining potential. Hence,
we can define this problem as a quantum-confined Stark
effect [10], [20]. As with other excitonic problems, the
energies of the pair states will be the bandgap energy plus
the hydrogenic energy. This remains true in the presence
of field.

In this QCSE approach [10], {20], the Hamiltonian of
the electron and hole includes confinement potentials,
electrostatic potentials, and electron-hole interaction.
This has been solved by a variety of approximation meth-
ods [10]. [11], [20] for the lowest states, corresponding
to the lowest excitonic resonances. The absorption behav-
ior for fields perpendicular to the layers shows large shifts
of the exciton peaks to lower energies, with the peaks re-
maining resolved, although losing some area. The QCSE
approach can explain all of these phenomena. As the field
is applied, the electron and hole are pulled to opposite
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sides of the well. Consequently, the potential energy of
the pair is reduced because the charges have moved to-
wards the electrodes, generating a polarization. Partly
compensating for this reduction is the increase in kinetic
energies of the particles as they are confined more tightly
near the walls of the well and the reduction in the Cou-
lomb attraction of the electron and hole. Calculations of
the energies of the exciton peaks including these effects
agree well with experiments [10], [11], [20]. The domi-
nant terms in the energy shifts are the ‘‘single-particle™
kinetic and potential energies. The electron-hole Cou-
lomb interaction tends to saturate out as the particles are
pulled to the opposite sides of the well, and the effect of
this term is only just significant in comparing theory and
experiment for the energies [10], [20]. The existence of
significant electron-hole interaction even at high fields is,
however, very important. It is the Coulomb interaction
that correlates the motion of electron and hole, especially
in the plane of the layers, increasing the probability of
finding the electron and hole in the same unit cell, and
hence creating a strong absorption feature. If there were
not a strong interaction, then there would be no exciton
resonance at high fields.

Two further calculations are necessary to complete the
picture in absorption. First, we must be sure that the ex-
citon state once deformed by the field is long enough lived
to present a sharp resonance. This was checked in the
original QCSE calculations [10], [20] by evaluating the
quasi-bound energy levels of the single-particle states
using a tunneling resonance technique. The center of the
resonance in transmission gives the energy level position
and the width gives the (inverse) lifetime; these widths
were found to be sufficiently low, so that tunneling (i.e.,
field emission) of individual electrons and holes out of the
wells would not destroy the absorption resonances for the
samples used in these experiments. Other calculational
methods are available for the effective width of the states
[21], [23], [40]. The second calculation relates to the
strength of the transitions. Qualitatively, there is no prob-
lem here, in that the probability of finding the electron
and hole in the same unit cell should certainly decrease
as the field is applied, and consequently, the absorption
probability should decrease, in agreement with experi-
ment. To date, however, this has not been completely cal-
culated. All that is usually evaluated is the overlap of
electron and hole wavefunctions in the direction perpen-
dicular to the layers; in the limit that the wavefunction in
the plane of the layers is not changed by the applied field,
this would be a correct approach. This is not valid for
exciton resonances since the wavefunction in the plane is
determined by the electron-hole Coulomb interaction
which is strongly perturbed by the electric field perpen-
dicular to the layers as discussed above; to be specific,
the exciton orbit becomes larger in the plane with increas-
ing field perpendicular to the plane. No successful quan-
titative comparison between theory and experiment has so
far been presented for the case of absorption strength. We
will consider this point later in this paper, and we will
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show that by the consideration not of a single transition,
but of whole sets of transitions, satisfactory agreement
can be obtained through the use of sum rules.

The persistence of the exciton resonances at high fields
strongly contrasts with the behavior in bulk material and
in QW’s for fields parallel to the layers [20] where the
absorption resonances disappear with moderate fields due
to rapid field ionization. We can see from the QCSE pic-
ture that this persistence is the result of two factors [10],
[20]. First, the wells are sufficiently narrow that even
when the particles are pulled to opposite sides of the well,
the Coulomb correlation of the electron and hole is still
strong; if the wells were made much wider, this would
cease to be the case. Second, the electron and hole do not
themselves tunnel rapidly out of the wells, thus inhibiting
the field ionization that would otherwise broaden the res-
onance.

The luminescence in wells comparable to those used for
absorption has shown behavior explicable through the
same QCSE mechanism [31]. Extremely large shifts of
the exciton lines were seen in these measurements, with
magnitudes in agreement with theory. In addition, for the
first time, the luminescence lifetime was directly ob-
served to increase with increasing field, as expected qual-
itatively from the reduction in the overlap of electron and
hole. An approximate quantitative agreement was ob-
tained with the simple overlap integrals in the direction
perpendicular to the layers. The magnitude of the lumi-
nescence also decreased, presumably for the same reason.
In the narrow wells where the lifetime had been observed
to decrease with increasing field [17], the tunneling of
particles through the barriers is much stronger because the
energy of the confined state is higher to start with. In this
case, the proposed explanation [17], [23}, [40] was that
the luminescence is quenched when the particles tunnel
through the barriers, a process that can take picoseconds
or less. This second mechanism should correlate with
broadening of absorption resonances rather than loss of
height, although lifetimes have to become quite short for
any measurable lifetime broadening (e.g., <1 ps).

Recent theoretical work has also shown the relation be-
tween the QCSE electroabsorption and that seen in bulk
semiconductors (the Franz-Keldysh effect) [35]. In this
work, it is shown in the simplifying limit of negligible
excitonic effects that with increasing well thickness, the
QW electroabsorption tends smoothly to the Franz-Keld-
ysh effect. For a given field, the change takes place rap-
idly with thickness, and for a given thickness, Franz-
Keldysh behavior dominates once the originally forbidden
transitions start to dominate over the ‘‘allowed’’ transi-
tions. In this simplified limit, the QCSE can be described
as a quantum-confined Franz-Keldysh effect. This trans-
formation from one behavior to another has not yet been
tested experimentally, but the appearance of forbidden
transitions is easily observed experimentally {18]. We will
also discuss some forbidden transitions below in this pa-
per.

Further measurements of energy shifts were made by
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electroreflectance [13], as were other observations of lu-
minescence quenching and other aspects of the lumines-
cence behavior [7]. The absorption properties can also be
monitored by photocurrent spectroscopy [20]. {32], [34].
Absorption spectroscopy in waveguides [29] enables the
two distinct optical polarization directions to be observed,

showing preservation of the selection rules with field. We -

will discuss some of this work in greater detail in this
paper. Calculations have been reported of the change in
refractive index associated with the electroabsorption
[27]. Further calculations of energy level shifts have also
appeared [18], [37]. The properties of single particles in
a box with field were also considered in other papers [41],
{42].

Other modulator devices were demonstrated in GaAs/
GaAlAs [12], 124]. [28], InGaAs/InGaAlAs {22], In-
GaAs/InAlAs [26], and GaSb/AlGaSb [33], as were ad-
ditional SEED configurations [14], [19]. [29], and further
luminescence devices were proposed [16]. A wavelength-
sensitive detector has been demonstrated [25], as has an
integrated laser/modulator structure [30]. These devices
share a variety of desirable features. For example, they
all operate at room temperature, at wavelengths compat-
ible with laser diodes, and with voltages compatible with
electronics. They are also very well suited for a variety
of optoelectronic integration schemes, given their mate-
rial compatibility with both electronics and lasers. The
clectroabsorptive devices also have the advantage of po-
tentially very small size and also very low energy opera-
tion compared to other modulation and switching schemes
[19]. Both luminescence quenching and electroabsorption
may be very fast. Electrical time-constant-limited opera-
tion of QCSE modulators has been demonstrated at a
~ 100 ps pulse width [28]. The fundamental limit may be
much faster. Modulation with a subpicosecond response
has been demonstrated for ficlds parallel to the layers [36],
and there is no reason to believe that a slower response
should be obtained for the perpendicular field.

In conclusion, as a result of this body of work [3]-[38],
a fairly consistent picture of the effects of perpendicular
ficlds on QW optical properties has emerged, encompass-
ing both absorption and luminescence effects. Both of
these show device potential, with a large variety of de-
vices demonstrated especially for the absorptive effects.

I11. WAVEGUIDE EXPERIMENTS

Nearly all experiments summarized above were per-
formed using light propagating perpendicular to the quan-
tum well layers. In this section, we give an extended dis-
cussion of electroabsorption measurements performed
using light propagating parallel to the quantum well layers
in a waveguide structure [29). This geometry is appropri-
ate for planar integrated optoelectronic applications. In
addition, it provides a new degree of freedom in that the
incident polarization can be either perpendicular or par-
allel to the quantum well layers. As a consequence. new
polarization selection rules are observed. For incident po-
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larization parallel to the plane of the layers, which is the
polarization accessible with normal incidence light, both
the heavy hole (hh) and light hole (lh) exciton peaks are
observed. When the incident polarization is perpendicular
to the plane of the quantum well layers, a polarization
only accessible in the waveguide geometry, the hh exciton
peak disappears and its strength is transferred to the re-
maining lh exciton peak [43]. This anisotropy is main-
tained in the presence of large perpendicular electric
fields; hence, electrically controllable polarization-sensi-
tive devices are possible using the QCSE.

The long interaction lengths permit studies of samples
containing only one or two quantum wells embedded in a
waveguide. This structure eliminates the exciton broaden-
ing due to field inhomogeneities which occurred in some
earlier work [10], [20], resulting in particularly clear
spectra. Furthermore, because these are absorption spec-
tra, they can give absolute oscillator strengths not influ-
enced by quantum efficiencies of luminescence or photo-
detection. Photocurrent spectra often have a field
dependence of internal quantum efficiency [20]. These
absolute measurements are very important for the verifi-
cation of the sum rules discussed below. Also, the spectra
with e||plane offer the unique opportunity to study the Ih
excitons without the added complication of the hh tran-
sitions. This facilitates more quantitative assessments of
exciton broadening and absorption strength with field. An
additional advantage of the long interaction lengths is that
they permit fabrication of modulators and SEED devices
with very large on/off ratios which would require prohib-
itively thick multiple QW growth if the light propagated
perpendicular to the layers.

In order to make the samples sufficiently long that they
could readily be cleaved to length, yet still transmit some
light, we used only two quantum wells centered in a
waveguide structure. Due to the symmetric nature of the
structure, any light coupled to the higher order guided and
radiation modes which have intensity minima at the po-
sition of the quantum wells will be only weakly absorbed,
and must be eliminated before reaching the detector. Be-
cause of this, it is important to limit the higher order
guided and radiation modes of the structure in order to
obtain accurate absorption measurements. In order to do
this, we used a leaky waveguide, designed so that any
light coupled to the higher order modes is more strongly
attenuated than that coupled to the lowest order mode (43],
144].

The sample (shown in Fig. 1) consisted of two 94 A
thick quantum wells centered in the 3.6 pm thick super-
lattice which formed the waveguide core. This was then
surrounded by GaAs cladding layers. The use of super-
lattice rather than the equivalent AlGaAs alloy to form the
core of the waveguide offers two advantages: growth of
the GaAs layers appears to clean up the impurities that
form as a result of the aluminum in the alloy layers, and
it improves the electrical characteristics of the devices.
Also, it is more convenient to control the refractive index
of the superlattice material by varying the relative thick-



1820

CLADDING } t um GaAs
1.3 um SUPERLATTICE

CORE 0.55 pm SUPERLATTICE
L 94 A GaAs
200 ASUPERLATTICE
94 A GaAs
0.55 um SUPERLATTICE
1.3 um SUPERLATTICE
0.3 um GaAs
GaAs SUBSTRATE

} p—TYPE

INTRINSIC

QUANTUM —

WELL  — |
o

CLADDING { n—TYPE

Fig. 1. Sample structure. The superlattice consists of alternate 28 A GaAs
and 50 A Al, ;Ga, ;As layers. The n and p doping levels are 10'8 cm ™3
except for the top 0.1 um of GaAs which is p-doped 10'® cm 3.

nesses of the layers than it is to vary that of AlGaAs by
changing the aluminum concentration.
The sample was doped as a p-i-n diode, which could

=" then be reverse biased to apply an electric field to the

quantum wells in the intrinsic region. The structure was
designed so that a 150 pm long sample would exhibit a
10 dB modulation depth (based on the previous QCSE
measurements) and 3 dB attenuation due to the lossiness
of the lowest order leaky mode. The maximum loss ex-
perienced by the first-order mode should therefore be 13
dB. This is comparable to the 12 dB loss experienced by
the second-order mode due to the leaky waveguide losses
alone; hence, careful alignment will ensure that the trans-
mitted light due to the coupling to the higher order modes
is negligible.

The experiments were performed using an LDS821 dye

=" Jaser which was pumped by a krypton laser. The beam

was spatially filtered and expanded to permit focusing to
a near diffraction-limited spot. The light was end fired
into and collected from the samples with 6.5 mm focal
length laser diode collimating objectives. A portion of the
transmitted light was imaged into a television camera to
permit observation of the mode structure of the guide.

Fig. 2(a) and (b) show the absorption spectrum at var-
ious electric fields for e|/plane and e|plane, respectively.
The zero field spectra exhibit the large polarization an-
isotropy described earlier. For ellplane, both excitons ap-
pear. For e|plane, the hh exciton disappears and the lh
exciton increases in strength [43].

™" When a perpendicular electric field is applied, a large

shift of the absorption edge to lower energy is seen in both
polarizations as a result of the QCSE. The spectra are
taken at even higher fields than in some previous multiple
QW measurements [20], yet the exciton peaks remain well
resolved, the absorption edge remains sharp, and the di-
chroism persists. The maximum shift observed was 40
meV for the lh exciton with e|plane at a field of 2.2 X

™ 10° V/cm. This is ten times the bulk exciton binding en-

ergy and occurs at an applied field 100 times the classical
exciton ionization field. Even larger relative shifts have
recently been seen in single-well luminescence experi-
ments at low temperature [31]. It is remarkable that at
such high fields, the exciton resonances are still clearly
resolvable, with very little broadening. These large shifts
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Fig. 2. Absorption spectra of a quantum well waveguide as a function of
electric field applied perpendicular to the layers. (a) Incident polarization
parallel to the plane of the layers for fields of (i) 1.6 x 10° V/em, (ii)
10° V/em, (iii) 1.3 X 10° V/cm, and (iv) 1.8 X 10° V/em. (b) Incident
polarization perpendicular to the plane of the layers for fields of (i) 1.6
X 10* V/em, (ii) 10° V/em, (iii) 1.4 x 10° V/em, (iv) 1.8 X 10° V/em,
and (v) 2.2 x 10° V/cm. The fields were calculated from C-V measure-
ments.

are directly applicable to waveguide devices. Therefore,
before discussing the detailed physics of the spectra, we
will summarize some of the device results that have been
obtained with this sample.

A. Device Performance

A sample 153 um long was operated as a modulator by
adjusting the laser frequency to just below the exciton ab-
sorption edge. With incident photon energies of 1.458 and
1.443 eV for the perpendicular and parallel polarizations,
we were able to obtain modulation depths of 10.2 and 9.2
dB, respectively. The measured device insertion loss was
6 + 2 dB, of which 3 dB is due to reflection from the
faces. It should be possible to eliminate this with anti-
reflection coatings. Approximately 3 dB is expected due
to the leaky waveguides loss. It should be noted, how-
ever, that the leaky waveguide was used to overcome the
difficulty of coupling a dye laser to a waveguide, whereas
actual integrated optical devices could be fabricated as
real waveguides and would not suffer this built-in loss.
Similar devices from the same material have been dem-
onstrated with modulation down to 100 ps [28].

We have also implemented a number of self-electroop-
tic effect devices (SEED’s) in the waveguide geometry,
including optical bistable devices, self-linearized modu-
lators, and optical level shifters. The principle of the
SEED [19] is that the device is used simultaneously as a
detector and as a modulator. For our measurements, a
current source is used to reverse bias the device. The fea-
tures and analysis of current-biased SEED’s are discussed
in detail in [19].

Optical bistability was observed when the laser fre-
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Fig. 3. Measured input/output characteristic at 1.471 eV using a constant
current source to bias the device. The incident optical polarization was
perpendicular to the layers.

quency was set at or about the zero field exciton position.
With no incident light, the exciton peak is shifted to lower
energy by the applied bias; with current bias, the entire
supply voltage appears across the modulator until the
modulator photocurrent exceeds the set current from the
bias source. As the incident light intensity increases, the
photocurrent produced in the device increases. When the
photocurrent exceeds the set current, the voltage across
the modulator starts to decrease because the capacitance
of the modulator is being dischared, shifting the exciton
back towards its zero field energy. This results in increased
absorption at the laser frequency, leading to a further in-
crease in the photocurrent, and hence, positive feedback
and switching.

We have demonstrated bistability in both polarizations.
Fig. 3 shows tha transfer characteristic for ¢|plane, with
an incident photon energy of 1.471 eV. We obtained a
large on/off ratio of 20:1. This could be increased by
either increasing the sample length or adding more wells.
Associated with a large on/off ratio is the relatively large
background loss seen in these results, although it should
be remembered that about 6 dB of the transmission loss
is due to avoidable waveguide and reflection losses as dis-
cussed above. Due to the large absorption edge shifts that
we were able to observe, optical bistability can be ob-
served over a very large range of incident photon energies
from 1.455-1.5 eV for e|plane and 1.45-1.49 eV for
ellplane.

A number of devices can also be demonstrated which
make use of negative feedback [14], [19]. These include
self-linearized modulation and optical level shifting. A
constant current source is again used to bias the device;
however, the incident photon energy is set to below the
zero field exciton energy. In this configuration, an in-
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Fig. 4. Optical output power as a function of current at a photon energy
of 1.452 eV and with incident polarization perpendicular to the plane of
the layers. The incident optical powers are (a) 1, (b) 1.8, (¢) 3, (d) 4.2,
(e) 5.4, (f) 6.6, and (g) 7.7 uW, respectively.
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TRANSMITTED POWER (uw)

1
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Fig. 5. Transmitted optical power versus incident optical power under
constant current bias with currents of (a) 0, (b) 0.125, (¢) 0.25. (d) 0.375,
and (¢) 0.5 pA, respectively. The incident photon energy is 1.452 eV
and the incident polarization is perpendicular to the plane of the layers.

creased bias voltage results in increased absorption. The
operating principle of these devices is that the photocur-
rent is proportional to the absorbed light intensity, and
this condition is stabilized by negative feedback. If the
photocurrent is less than the set current, then the current
source increases the voltage on the device. This shifts the
exciton to lower energy, increasing the absorption, which
increases the photocurrent until it equals the set current.
If the photocurrent is greater than the set current, then the
opposite occurs. The photocurrent is related to the ab-
sorption by the internal quantum efficiency, which is em-
pirically constant over a large voltage range; hence, the
power absorbed by the device depends linearly on the set
current. The transmitted light power is therefore shifted
by an amount proportional to the set current. This is shown
in Fig. 4. The device is operated as a self-linearized mod-
ulator by modulating the set current to linearly modulate
the absorbed energy. This i1s shown in Fig. 5. The chief
advantage of this device over previous MQWS devices is
the large dynamic range of modulation and level shifting
due to the long optical path length.

~—’
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TABLE 1
PARAMETERS FOR SPECTRA WITH e|PLANE

Delta Delta
HWHM  HWHM Adjusted

Normalized Width Shift Exp. Theor. Field C-V Field
Area® (meV) (meV) Voltage (meV) (meV) (V/icm) (V/em)
1.00 5.9 0 0 0 0 0 1.6 x 10*
1.03 5.9 -5 10 0 0.07 6 x 10* 1.0 x 10°
1.01 7.0 -14 15 1.1 0.19 1.1 x 10° 1.4 x 10°
0.98 8.0 —26.5 20 2.1 0.45 1.5 x 10° 1.8 x 10°
0.94° 9.9° —43 25 4° 0.92 2.0 x 10° 2.2 x 10

aThis is the area under the absorption spectrum between 1.42 and 1.5 eV.
®Note that the absorption is still significant at 1.42 eV for this spectrum, so that the width measurement
is less accurate and there is some area missing from the spectrum at low energies.

B. Analysis of Spectra

The spectra in Fig. 2 show a number of features that

e are interesting to compare to experiment. First, it has not

previously been possible in absorption measurements to
compare the broadening of the peaks with field to theory
because of large field inhomogeneities in multiple well
samples and the overlapping of light and heavy hole fea-
tures [20]. A better comparison should be possible here.
Second, for the same reasons, it should also be possible
to compare detailed models of the variation of absorption
strength with field to experiment.

The first stage in comparing theory to experiment is the
calculation of energy levels and wavefunctions. We have
chosen to do this by the tunneling resonance technique
[20]. This simple numerical technique automatically in-
cludes the effects of finite barrriers and, as extended by
us here, yields energy levels, wavefunctions, and
broadenings for the single-particle states. The technique
involves looking at the transmission of the structure (usu-
ally a single well and two barriers) as a function of the
energy of the incident particle wave. The effect of electric
field is included by sloping the whole structure uniformly.
The transmission is calculated by dividing the structure
up into a number of uniform layers and evaluating the
forward and backward waves at each interface. The res-
onances in transmission correspond to the energy levels
of the system, and a good representation of the ‘‘eigen’’
functions is obtained from the steady-state standing wave
pattern in this transmission problem. There are, of course,
no true eigenfunctions of this system as there are strictly
no bound states, and the lifetimes in this method are given
by the widths of the resonances. This particular method
is analogous to evaluating the modes of an optical Fabry-
Perot resonator in a transmission experiment; the relation
between different methods of solving this problem have
been discussed [44], with all methods being essentially
equivalent if the finesse of the resonator is large enough.
To evaluate overlap integrals by this method, we arbi-
trarily truncate the wavefunctions halfway through the
barriers and normalize them; when the resonance is nar-
row, the amplitude of the wavefunction is negligible be-
yond this point anyway. As before [20], we can include
excitonic effects by presuming that the wavefunction is

separable and solving for the best 1S-like wavefunction
in the plane of the layers using variational techniques.

In our calculations, the energies of the exciton peaks
were obtained by adding the valence and conduction sub-
band energies, evaluated by the tunneling resonance tech-
nique, to the GaAs bandgap of 1.424 eV and then sub-
tracting from this the exciton binding energies, which
were calculated variationally [20].

The electric field in the intrinsic region was determined
from measurements of capacitance versus voltage (C-V).
The C-V measurements indicated that the depletion re-
gion extended through the intrinsic region even at 0 V;
however, the experimental energy shifts were found to be
somewhat less than predicted. It was possible to obtain
good agreement between theory and experiment by sub-
tracting approximately 3.5 V from the data. In conjunc-
tion with this, the overall responsivity in photocurrent
spectra was observed to increase for voltages up to 35V,
remaining constant for higher voltages (apart from the
field-induced changes in the form of the spectra). We have
observed this behavior in several samples with a variety
of different offset voltages, but always with a strong cor-
relation between the voltage at which the overall respon-
sivity levels off and the start of field-induced shifts in the
spectra. The mechanism for this offset is not clear, but it
appears to be wafer dependent. As a result of this dis-
crepancy in the electric field, we will discuss our experi-
mental results in terms of the fields that we deduce from
the exciton peak shifts because we believe these to be the
best representation of the effective electric field at the
quantum well. These fields are quoted as the adjusted
fields in Table L.

To provide a quantitative basis for analyzing the spec-
tra, the parameters of width and area for the 1h exciton
quoted in Table I were determined by fitting the spectra
using a semi-empirical model consisting of a Gaussian and
a Sommerfeld broadened continuum to represent the 1h
exciton and band-to-band transitions, respectively. This
kind of model, although it has little a priori justification,
has been used successfully to model changes excitonic be-
havior in QW’s [45]. The lifetime broadening of the ex-
citon peaks was calculated using the tunneling resonance
model previously described, under the assumption that the
excitons only ionize when the carriers tunnel out of the
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wells. A 60:40 percent conduction : valence band discon-
tinuity ratio was assumed. Using these calculation and
analysis methods, we will now attempt to analyze the
spectra. As we will discuss, some of the features can be
well explained by these methods, but others require fur-
ther work; some of these others can be described by use
of sum rules, and we will postpone their detailed discus-
sion until Section IV.

1) Exciton Broadening: The experimental and theoret-
ical 1h exciton broadening are shown in Table 1. One cau-
tion in interpreting these broadening data is that it is not
clear how to convolve the different contributions to the
linewidth. There is, for example, no particular reason
simply to add the linewidth contributions linearly; this
point has been discussed in [20]. Although the broadening
is less than in the case of the MQW’s [20], it is still some-
what more than that predicted even using a simple linear
addition of linewidths (other methods of adding line-
widths such as the sum of squares method would give even
greater disagreement). This may be due to inhomoge-
neous broadening results from variations in the electric
field along the length of the layers. Also, the tunneling
rate for light holes i1s very sensitive to the conduction
band-valence band offsets, which are still not definitively
established. Another possible reason is the growth of un-
resolved forbidden transitions to other excitonic states.
We will discuss this possibility below in Section IV. The
precise mechanism of the broadening still is unclear,
however.

2) Interband Absorption Strength: In Fig. 2, a consid-
erable loss of oscillator strength in the lh band-to-band
and excitonic transitions is observed as the electric field
is increased. In the case of absorption well above the ex-
citonic peak, the simplest approximation is to presume
that we may neglect any perturbation of the electron and
hole wavefunctions in the plane of the layers; then the
overlap integral is porportional to the overlap of the wave-
functions in the direction perpendicular to the layers. With
this simplification, the loss of interband absorption is the
result of the decreased overlap of the electron and hole
wavefunctions perpendicular to the layers as they are
pulled to opposite sides of the well. This is the theoretical
approach taken by some previous authors [5], [31]. We
have calculated the electron-hole overlap given by
[<#|¢"y|* for the various transitions as a function of
electric field. Here |¢“) and |¢") are the electron and
hole z wavefunctions determined from tunneling reso-
nance calculations. These calculations are simplified
compared to the case of MQW's at normal incidence since
we only need include the lh wavefunctions. For compar-
ison to this, the band-band absorption was measured at a
point 20 meV above the lh exciton energy. These results
are plotted in Fig. 6 as a function of exciton shift. Excel-
lent agreement is seen.

3) Exciton Peak Height and Area: The circles in Fig.
7 represent the lh exciton height versus exciton peak en-
ergy shift. The exciton height clearly decreases faster than
the overlap integral (solid curve). This is expected on two

NORMALIZED AMPLITUDE

o 1
0 25 50

SHIFT (mev)

Fig. 6. The circles represent the light hole continuum height versus exci-
ton shift, normalized to the zero shift height. The solid line is the squared
electron-hole overlap integral.

NORMALIZED AMPLITUDE

|
(o] 25 50

0

SHIFT (mev)

Fig. 7. The circles and diamonds represent, respectively, the experimental
light hole exciton height and integrated area versus exciton shift. The
solid line is the squared electron-hole overlap integral.

grounds: first, the exciton wavefunction in the plane of
the layers is expected to become larger with increasing
field because of the reduced Coulomb interaction between
the separated electron and hole; second, the exciton peak
is expected to broaden with field, and this should decrease
the height of the peak as it broadens it. The diamonds in
Fig. 7 represent the lh exciton integrated area as deter-
mined from our semi-empirical fitting procedure. Cer-
tainly, we find that the exciton integrated area follows the
overlap integral quite well, in agreement with a broaden-
ing. However, some care is required here due to the fact
that the simple broadening measurement does not agree
with theory, and other forbidden transitions may be com-
ing into play. We will discuss this point again after deriv-
ing the sum rules.

~r
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4) Forbidden Transitions: For the parallel polarization
in which both 1h and hh excitons are observed, a third
peak appears in the spectra at high electric fields. This
effect has been seen in [20], and we ascribe it here to the
n = 1 conduction band to n = 2 hh transition. This tran-
sition is normally forbidden by symmetry at zero field. At
1.5 x 10° V/cm, corresponding to curve (iv) in Fig. 2(a),
the overlap integral is 0.44 and the theoretical energy is
1.473 eV, in good agreement with experiment insofar as
this can be deduced from the spectra with both 1h and hh
transitions. This behavior also itself suggests a sum rule
because it can be seen in Fig. 2(a) that the absorption
above this transition is changed relatively little by the
field; again, we will return to this point after deriving the
sum rules.

5) Overall Absorption Conservation: We also point out
the appearance of an empirical sum rule in our spectra.
We have calculated the total absorption integrated over
the entire spectral range shown in Fig. 2 in both polariza-
tions. This is listed for the perpendicular polarization in
Table 1. We find that the integrated absorption in both
polarizations is independent of applied field to within our
experimental error. We will return to this in Section IV.

IV. SuM RULEsS FOR ELECTROABSORPTION

In this section, we will derive simple sum rules for ab-
sorption near the bandgap with applied electric field. First,
we will briefly derive the general expression for the ab-
sorption including excitonic effects. The derivation is rel-
atively standard (see, for example, [46]), except that it is
done without solving for the actual excitonic behavior,
and we summarize it to introduce the necessary approxi-
mations explicitly and to show why it remains valid in the
presence of fields and quantum confinement. We also ex-
tend it to the case of separable wavefunctions, which are
a useful approximation for quantum wells. Second, we
will derive the necessary mathematical identities for the
sum rules; these follow from the completeness and or-
thonormality of sets of eigenfunctions. Third, we will de-
rive three sum rules, and finally, we will compare these
to experiment.

A. Optical Absorption for Creation of an Electron-Hole
Pair

Consider the set of cxcited states of the crystal (¥, x>
corresponding to one electron in the conduction band and
one hole in the valence band(s) where these states are the
eigenstates of some Hamiltonian H, i.e.,

H|\I,n,l(> = En.KI‘I’n.K>~ (l)

Because they are eigenstates, | ¥, x) form a complete set,
a fact that is important for the sum rules. We choose two
quantum numbers, n and K, to label the state. K is the
center-of-mass wavevector, and we will presume that it is
a constant of the motion because the center-of-mass is not
perturbed by either the electron-hole interaction (as in the
usual exciton case) or by any uniform fields as the elec-
tron-hole pair has no net charge. We will also assume that
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| ¥, x> can be expanded in Slater determinants | Pre ki m?
of Bloch functions corresponding to an electron in the
conduction band with wavevector k, and a hole in valence
band m with wavevector k,. We will consider spin to be
included within the indexing in k, and k,. We can write,
therefore,

I\I/"-K> = %: % An,ke,ke—K‘mlq)ke,ke—K,m) (2)

where K = k, — k, to give the chosen center-of-mass
motion. The ground state of the crystal is presumed to be
the Slater determinant |®,) corresponding to full valence
bands. The use of Slater determinants is a simplification
in the case of quantum well material since the crystal is
no longer truly periodic with unit cell periodicity, but this
will not concern us further. We also neglect any nonlocal
response in the quantum well, assuming that the wave-
length of light is much longer than the thickness of the
layers, averaging the response over the layers.

Even though we may not know the solutions (¥, k>,
we can still proceed to derive the sum rules for optical
absorption. By the standard results of time-dependent per-
turbation theory, we may write for the transition rate W, x
from the ground state |®,) to the excited state ¥, x>

242
W, x = 2xh ‘%,_" M, > 8(E, x — E, — hw) (3)
o0
where the vector potential is
A = éAyexp (i[q - r — wt]) + c.c.
and

Mn.K = <\I’H.K|é : VlCI)U)

We have presumed the optical wavevector q to be neg-
ligibly small as usual, and we have neglected the emission
term in W, .

To evaluate M, x, we define the Fourier transform of
Ao ke —k.m in k, as

|
T Z‘ 2‘ An.k,r.kl.wl(.m cxp (’k( : r) (4)

m  k,

Un.K(r) =

where r is now the electron-hole relative position vector.
N is the number of unit cells in the crystal. (Note that
overall normalization of the two-particle wavefunction is
preserved because another 1/vN appears in the rest of the
wavefunction [46] for center-of-mass motion.) Consid-
ering only allowed transitions, we find finite M, x only
for K = 0 as usual. Henceforth, we drop the K index and,
using U, (0) = (1/vN) ,, £ A, 4 .. » obtain

im,

M, = — PUO).
h 0) (5)
Here P is the momentum matrix element (2/m,)
(u|—ihe - V|u,) between the conduction and valence

unit cell wavefunctions u,. and u,, assumed independent
of k.. m, is the free electron mass. Note that we have
presumed that P is the same for all valence bands of in-
terest. This is valid for bands that are degenerate in en-
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ergy at zone center. In quantum wells, P is also the same
for all the subbands which originate from the same bulk
band and form a set of ‘‘confinement shifted’” energy lev-
els with otherwise the same properties. We will also aver-
age over all polarization directions, introducing a factor
of § after squaring the matrix element as usual. This av-
eraging procedure deserves some comment owing to the
very special structure of the valence subband in III-V
compound quantum wells. Within the effective mass ap-
proximation, the effect of the confinement has the same
symmetry as a uniaxial stress and lifts the degeneracy of
the J = 3 bulk valence band. The uppermost valence sub-
band of QW’s consist of the heavy hole (hh) subband (J
=3, M = +3) and the light hole subband (lh). The optical
transitions have to obey the selection rules imposed by the
conservation of angular momentum. The normalized tran-
sition probabilities are in the ratio 3/4 and 1/4 for E par-
allel to the plane of the layers, respectively, for the tran-
sitions hh and 1h to the conduction band. For E normal to
the layers, they are 0 and 1 so that the average over the
three directions is the same for the two polarizations.

Summing over all possible transitions, we therefore ob-
tain for the optical absorption coefficient a(fw)

a(hw) = B 22 |U(O)* 8(E, — E, — hw) (6)

where B is given by

_ 7rez|P|2

"~ 3m,ce,onV

where V is the volume of the crystal and 5 is the refractive
index. This is a standard result, but in our case is made
without explicit knowledge of the nature of the U, (r).

One particular form of electron-hole wavefunction that
will be of interest to us is that in which the motion sepa-
rates into electron and hole motion in the z direction (i.e.,
perpendicular to the layers), with electron and hole co-
ordinates z, and z, and separable center-of-mass motion
(as before) in the x and y directions (i.e., in the plane of
the layers). Such a separable wavefunction is an approx-
imation, but has been successfully used in calculating ex-
citon binding energies and enables us to derive other sum
rules in the case of strong quantization. In this case, we
repeat the above derivation, considering instead of (1) the
equivalent expansion

|‘I/I.q.x,Ku Z Z Z Z AI q. 5. kze khe ke ke — Kovom

m kz( kzh kx\
lék:r./\':h.kn. —Kn,m> (7)

where k_,(k.;) is the electron (hole) wavevector in the 2
direction and k,, (K,,) is the relative (center-of-mass)
electron-hole wavevector in the xy plane. /, ¢, and s are
quantum numbers for the z;, z,,, and r,, (electron-hole rel-
ative xy position) motion.

As before (4), we Fourier transform now in k_,, k_;,, and
k., to obtain
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Qk;).m

!
«/—:km/—_

© AL s ke, ken ey key — Koy

Ul.q,s, K(Zl’ Zhs rxy) =

X exp [itk,z + kpzn + kyry)l.
(8

M is the number of unit cells in the plane and Q is the
number perpendicular to the layers, so that N = MQ); these
factors are necessary to preserve normalization of the
wavefunction. (Another factor of 1//M will come from
the rest of the wavefunction describing the xy center-of-
mass motion.) Now we presume a separable form for U:

UI q.s, K(zea Zhs xy) ¢l(ze) d’q (Zh) ¢s Kx,(rxy) (9)

This can be achieved, in general, if

Z A/.t]--\‘.k:u.k:h.kn.kn —Koeom
m

= *
= al\kfl'[z bq,k;{,_m} [%: C.\‘.k\\.k,n - Kiyom
m

and the separated wavefunctions are normalized if

(10)

) 1 -~ s
& (2) = Té 2 ay e
d)q(zh) - \/é Zn: Z bq ko m€ ’I\ .
Yok (ry) = == 2 Z Coro o €T (1)

\/ m ky

Now we consider the matrix element
M/.q.s.Kn = <\I/1.q..\‘.Knté ’ qu>0>-

As before, we now find that only those transitions with
k., = k., and K,, = O survive to give

- 2 -
im, i
Ml,q.s = E PL<T§> %: %: alﬂ.(k;bq.k;.m

— 22X C 12
\/1—‘2 . s keyv kyvom ( )
where again we have dropped the index K,,. Now
(¢f|¢2) = <«/§> 2 % kzd) %au[ q.kn € gtk ket
1
= <Té> % 2 albgm (13)
(where . is the sum over all unit cells) and
1
— 22X = ¢,(0). 14
\/—_M . s kev kv, m \p( ) ( ’ )
So
a(he) = B2 2 X Kof 151 ¥, (0
g s
X b(EI + Eq + E,\' - EO - flw) (15)
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where E;, E,, and E; are the eigenenergies associated with
the states /, g, and s in the separated problems.

B. Derivation of Mathematical Identities for Sum Rules

Consider first two complete orthonormal sets A4,, (x) and
B, (x) spanning the same space. (This space may be one
dimensional, two dimensional, three dimensional, or any
other appropriate space.) We may expand one in terms of
the other, i.e.,

Ap(®) = 2 a,,B,(x) (16)
where, by orthonormality,
Ay = S B} (x) A, (x) dr, = (B,|A,) a7

with 7, being the element of volume in the space. Also by
orthonormality, we have

S Af(x) A (x) dr, = (A 4) = 8, (18)
and, by substituting for A4 (x) using (16),
2{: aja, = &, (19a)
or using B instead of A throughout,
; afa, = 6, (19b)

We wish to evaluate sum rules for absorption, and these
will involve terms like E, |4, (0)|>. However, such a sum
does not converge. Instead, we will consider the differ-
ence of two such sums, which will correspond to the dif-
ference in the integrated absorption in two cases. Hence,
we consider

S = 24,0 - Z[BOF. (20)
q
Substituting for A4,,(0) from (16), we find
S = 2 2B} () B,(0) X aj,a,, — % [BO). @1
n P m
Without loss of generality, we may choose n = /. Using

(19), we therefore obtain

S =22 B¥0) B0 5, — 1B,,<0)|ﬂ - Q2

n P -
Although the sums of the individual terms may not con-
verge, we have identical term-by-term cancellation, and
SO

S =0. (23)

Therefore, using only completeness and orthonormality,
we have proved a simple sum rule that will form the basis
for our excitonic absorption sum rules below.

To derive a second simple identity, consider again the
two complete orthonormal sets. From (16),

(Al A = 22 |a,,l* (24)
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Using the normalization condition for A4,, (x) and the def-
inition (17), we therefore obtain

2 |(B, |4, = 1. (25)
This will form the basis for a sum rule on the heights
of the ‘‘steps’’ in the quantum well absorption spectrum.

C. Sum Rules

In all the sum rules that follow, we will treat B of (6)
and (15) as a constant, neglecting its slow variation with
w over the spectral range that interests us and also ne-
glecting variations in refractive index.

We consider first the case where we have made no as-
sumption of separability. Suppose that under one set of
conditions (e.g., no applied field), the electron-hole rel-
ative position eigenfunctions are U,(r) and under another
set of conditions (e.g., with applied field) and U/(r). Both
of these sets are complete as they are the sets of eigen-
functions of Hamiltonians H, and H;, respectively, op-
erating on the same Hilbert space. The integral over pho-
ton energy of the difference in the two absorption
coefficients (ay(hw) and o (hw), respectively) is, from (6),

AA = S [a;(Aw) — ap(hw)) dhw

B[Z IU,/”(O)Iz S 6(Em - E() _hw) dhw

- Z |U:;(O)|2 S 6(En - EO - hw) dhw

= B\E UL O = 2 |U::<0>|3} (26)
provided only that the range of integration is large enough
to encompass all £, and E,. Hence, using the identity
(23), we obtain

o

sumrule 1: A4 = S [o,(hw) — ag(hw)] dhw = 0.
0

@n

This is a very general sum rule, and the principal re-
striction is one made at the beginning of this whole deri-
vation, that we assume the center-of-mass motion is uni-
form, with K as a constant of the motion for both H, and
H;. This is satisfied for electron-hole Coulomb interac-
tion and for the consequences of uniform electric fields in
any direction. It should therefore apply to the specific case
that we will discuss below in this paper for perpendicular
fields in quantum wells (the QCSE), and also to the cases
of paraliel fields in quantum wells, fields in any direction
in bulk materials, and applies whether or not the electron-
hole interaction is considered. It also therefore applies to
the Franz-Keldysh effect and the quantum-confined
Franz-Keldysh effect [35]. It is also valid for structures
other than a simple quantum well, such as superlattices or
other single or multiple layer structures.
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Now we consider the case where we presume that we
may separate the wavefunction as in (9). This is relevant
when the confinement energy is large compared to the
strength of the electron-hole Coulomb interaction. The z
motions of electron and hole can be solved separately,
neglecting the coupling between them for this direction,
and the coupling can be reintroduced into the problem to
solve for the xy relative motion. If this is done, the xy
relative motion eigenfunctions y(r,,) form a complete set
spanning the two-dimensional xy space, and the electron
and hole wavefunctions in the z direction, ¢;(z,) and
d)g(z;,), also each form complete sets spanning the one-
dimensional z space. Note that for each / and g, the Ham-
iltonian for the xy motion [and hence the ¥ (r,,)] may be
different as the z charge distribution may be different in
each case, thus affecting the form of the electron-hole
Coulomb terms in the xy plane; this will not invalidate
our sum rules. To demonstrate this (and to avoid confu-
sion), we explicitly include indexes / and q on ¥, e.g.,
Vi(re) = Yig(ry). Yigs(rey) is still a complete set of wave-
functions spanning the xy space.

Proceeding as above, we define the various complete
sets of functions under one set of conditions as ¢{”(z.),
d)Z”(z,,) and ¥},(r,,) and under another set of conditions as
O (20)s <b;',f(z,,) and 1//{,(,,,,(r_“,). Consider first the case of ab-
sorption ¢y, due to transitions between subband g in the
valence band and subband / in the conduction band. Let
us presume that above some energy A E,,,, (corresponding
to an index t > t,,,) above the lowest transition energy
E,,; or E,, between these subbands, the states \lx{;, and
Vi, are essentially identical, being negligibly perturbed.

AAIq =

Etqf + 8Emax
S oy p(hw) dhw

Eiyf

Eigo + AEmax
- S Qg hw) dhw

Elqo

B{|<¢7f|¢f,f>l2 PRIzl

Imax
= Koo 2 I%’q,(O)IZ} (28)
However, since we are presuming that \H;, and Y, are
identical for t = f,,,

o

S (YO — Vi@ =0

1= Imax

29

and hence, using (23),

Imax Imax

2 WO = 2 Wi,Of (30)

so that

sum rule 2: A4,

fmax

= B Z WO 1< |57 = [<ei’leg> . G
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In other words, provided that AE,,, is sufficiently large,
the total absorption within the first AE,,,, on a given set
of intersubband transitions is proportional to the square of
the z overlap integral, independent of the detailed form of
the xy wavefunctions.

This sum rule will apply to the case of a quantum well
with confinement strong compared to the Coulomb energy
so that we can consider there to be separate excitons as-
sociated with each valence subband to conduction sub-
band absorption. It states, in effect, that if we integrate
over the excitonic absorption up to a sufficiently high en-
ergy, the resulting total absorption scales with the z over-
lap and is independent of the nature of any changes in the
xy orbital motion.

Another very simple sum rule follows directly from
(25). Consider for the moment the limit where we neglect
any interaction between electron and hole. The xy motion
then becomes plane waves and is decoupled from the z
motion even in the presence of field in the z direction. The
optical absorption then reduces to a set of steps whose
heights are proportional to [{®,;|$,>|*. Suppose now that
we consider all the transitions between a given, say, con-
duction subband and all the hole subbands corresponding
to a particular kind of hole, say, heavy hole. The total
height of steps corresponding to all these transitions, in
dimensionless units, is

sum rule 3: 2 [y |dn)|* = 1 (32)
q

by (25) where we presume only that ¢,; and ¢,, are com-
plete orthonormal sets spanning the same space. A similar
rule applies to electrons in the case of an infinitely deep
well at zero field, the two sets of functions ¢,, and ¢, are
geometrically identical, and only the step [ = g survives.
This (third) sum rule tell us that when the system is per-
turbed by, for example, electric field, the sum of the step
heights for all of these transitions will come to the same
height as that of the single unperturbed step. Note that it
is not possible for a step to ‘‘grow’’ to a height greater
than 1 in the units of (32) as this would require negative
terms in the sum.

The sum rules themselves do not tell us how rapidly
they converge. The changes that we make on the lowest
energy states are typically so drastic at the higher fields
used in experiments that we may not evaluate them by
low-order perturbation theory. Generally, however, higher
energy states will be more difficult to perturb, and con-
sequently, we should expect changes in absorption asso-
ciated with them to become progressively smaller, lead-
ing to convergence of the absorption sum rules with finite
energy range of integration.

One important factor implicit in all the sum rules is the
existence of ‘‘forbidden’’ transitions. It is typical when
perturbing the system with, for example, electric field to
reduce the overlap and hence the strength of the allowed
transitions. The way in which the sum rule continues to
be obeyed is through the growth of forbidden transitions.
A clear experimental example of the growth of these for-






