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Abstract

Mismatch in vector quantization or source coding
is a measure of the performance loss resulting when a
code optimized for one source is applied to another. In
lossless compression mismatch is measured by the rel-
ative entropy between the source for which the code is
designed and the source to which it is actually applied.
Recent results in high rate vector quantization theory
extend these ideas to the relative entropy between con-
tinuous distributions as a measure of quantizer mis-
match. We describe the results and some of their im-
plications and examples, including the use of relative
entropy in a distortion measure for Lloyd clustering
for the design of Gauss mizture models and classified
vector quantizers.

1 Introduction

Mismatch in information theory and coding results
when a code is optimized for a specific source or dis-
tribution, but then applied to another distribution.
Perhaps the oldest mismatch result is that for loss-
less coding. A uniquely decodable lossless code must
have a collection of codeword lengths ¢(4) in nats that
satisfies the Kraft inequality,

et < (1)

If a discrete source has pmf p = {p;} with Shannon
entropy

H(p) = — Zpi In p;,

then the smallest average length or rate in nats for
any lossless uniquely decodable code is easily shown
by the divergence inequality to be bound below as
> pik(i) > H(p) with equality if the codeword
lengths are chosen as £(i) = —Inp;. As is common,
we ignore the constraint of integer word lengths since
the unconstrained result also provides a bound and of-
ten provides a close approximation to the constrained
result. If now this optimal code for the pmf for p is
applied to another pmf ¢, then the resulting average
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length is

Zﬁ(i)qz‘ = —Zqilnpi:H(q)+Zqi1n%
= H(q) + I(qllp),

where I(q||p) is the relative entropy or Kullback-
Leibler discrimination of the pmf ¢ with respect to
the pmf p. Thus I(q||p) quantifies the performance
loss from the optimal performance for ¢ when a code
optimized for p is applied to q.

We here describe a recent extension of this re-
sult to lossy coding, specifically to high rate entropy
constrained vector quantization. Of particular po-
tential interest to image processing applications, we
show how this lossy coding mismatch result suggests
an approach to clustering Gauss mixture models and
the use of such models in compression and classifica-
tion/segmentation.

2 Preliminaries

The required preliminaries follow [1]. (Q, B) is the
measurable space consisting of the k-dimensional Eu-
clidean space 2 = R* and its Borel subsets. Assume
that X is random vector with a distribution Py, which
is absolutely continuous with respect to the Lebesgue

measure V' and hence possesses a probability density
function (pdf) f = dPy/dV. We assume that the dif-

ferential entropy h(f) 2 — [ dz f(z)In f(z) exists and
is finite.

A vector quantizer @@ can be described by the fol-
lowing mappings and sets:
e An encoder « : Q0 — Z, where Z is a countable in-
dex set, say {0, 1,2, ...}, and an associated measurable
partition S = {S;; i € 7} such that a(z) =i if x € S;.
e A decoder 3 : T — Q and an associated reproduction
codebook C = {((7); i € Z}. Without loss of general-
ity we assume that the codevectors 3(i); i € Z are all
distinct.
e A length function £ of a uniquely decodable lossless
index coder satisfying (1). A set of codelengths £(i) is
said to be admissible if (1) holds.



We abbreviate the overall quantizer as ¢: ¢(z) =
Bla()).

The instantaneous rate of a quantizer is defined
by r(a(x)) = ¢(a(z)). The average rate is R¢(Q) =
R¢(a,0) = Eyr(a(X)) = >, pil(i), where p; = P¢(S;)
is assumed strictly positive.

Given a quantizer @, the entropy of the quantizer
is defined in the usual fashion by

Hy(Q) = Hf(a) = — Zpi Inp;,

For any admissible length function ¢ the divergence
inequality implies that R¢(Q) > H(Q) with equality
if and only if £(¢) = — Inp;. Thus in particular

H;(Q) = jnt Ry(a,0). (2)

We assume a distortion measure d(z,%) > 0 and
measure performance by average distortion Df(Q) =
Dy(a, 8) = Ed(X, B(a(X)). In particular we initially
assume squared error distortion d(x, %) = ||z — 2||? =
Zle |v; — &|? for @ = (21, ..., 78).

The Lagrangian formulation of variable rate vec-
tor quantization [3] defines for each value of a La-
grangian multiplier A > 0 a Lagrangian distortion
ox(z,i) = d(z,B(i)) + M(i) and corresponding per-
formance p(f, A, Q) = Dy(Q) + AR;(Q) and an opti-
mal performance p(f,\) = infg p(f, A, Q) where the
infimum is over all quantizers Q@ = («a,[,¢) with ¢
admissible. The Lagrangian formulation yields Lloyd
optimality conditions for vector quantizers, that is, a
necessary condition for optimality is that each of the
three components of the quantizer be optimal for the
other two:

e For a given decoder 3 and length function ¢, the
optimal encoder is a(x) = argmin, (d(z, 5()) + A(i))
(ties are broken arbitrarily).

e The optimal decoder for a given encoder and
length function is the usual Lloyd centroid 3(i) =
argmin, E(d(X,y)|a(X) =1).

e The optimal length function for the given encoder
and decoder is £(i) = —Inp;.

Note that smaller values of A correspond to higher
rates. The next result characterizes the asymptotic
performance of optimal entropy constrained vector
quantizers as A — 0, i.e., for asymptotically high rates.

Theorem 1 [1]. Assume that the distribution Py of
X is absolutely continuous with respect to Lebesgue
measure V with pdf f = dPy/dV, that the differential
entropy h(f) exists and is finite, and that Hy(Q1) <
00, where Q1 is a uniform scalar quantizer with binsize

1. Then

;%(p({\’/\)Jrgln)\):h(f)Jr&k (3)

where the finite constant 0 is defined by

A p(ula)‘) E
0, = /{r;fo (7)\ + 5 In A (4)

and uy 1s the uniform pdf on the k-dimensional unit
cube [0,1)%.

In particular, the limiting constant 6, depends only
on the dimension and not on the pdf.
Define

a Epd(X,¢(X))

o0, Q) 2 AR g (x0))+ S )

(5)
so that the theorem states that under suitable condi-
tions

Jim inf (f, A, Q) = O (6)

If one or more of the components is optimized, then it
is dropped from the argument of 6, e.g.,

O NanB) = wfo(f N80 (7
OFN = nfo(fAaB . ()

With this notation the theorem statement becomes
lim 0(f, ) = 0. (9)

The theorem guarantees that if a pdf f satisfies the
conditions of the theorem, then there is an asymptot-
ically optimal sequence of quantizers g, for f in the
sense that for any decreasing sequence A, converging
to 0 there exists a sequence of quantizers g,, such that

lim 0(f, An, qn) = bk. (10)

Given two probability measures P and G on (Q, B)
for which P <« G (i.e., P is absolutely continuous
with respect to G) and both have densities f and g,
then the relative entropy or Kullback-Leibler number
is given by

1PY6) = 17ll) = [ des(a) ln%

where we have abbreviated the notation to emphasize
the dependence on the densities. See, e.g., [4, 5].



3 Quantizer Mismatch
The following high rate variable-rate quantizer mis-
match theorem is proved in [2]

Theorem 2 (The mismatch theorem) Suppose

that a probability measure Py on RF satisfies the
conditions of Theorem 1 and has pdf g. Suppose that
Qn = (qn,?n) is an asymptotically optimal sequence
of variable-rate quantizers for Py, where £, is the
optimal length function for P, and q,. Suppose also
that Py < P, and that dPs/dPy; = f/g is bounded.

Then
Tim 6(f, An, Qn) = 0k + 1(f1]9)- (11)

The theorem provides a characterization of the mis-
match resulting from applying an asymptotically op-
timal quantizer sequence for one pdf to another: the
mismatch is exactly the relative entropy of the mis-
matched pdf to the design pdf, a continuous analog
to the mismatch formula arising in noiseless coding.
The result provides a new interpretation of relative
entropy as a measure of mismatch for high rate fixed
dimension lossy data compression.

4 Gaussian Distributions and Gauss
Mixtures
Consider a nonsingular Gaussian pdf g(x) =

1 1
Nz, u, K 2 ————exp (—— z—p)tK Yz —

(x, 1, K) K]} 5@ —p) K™z —p)
where = EX, K = E[(X — EX)(X — EX)] is the
k x k covariance matrix, and |K| the determinant of
k. The differential entropy is

o) =~ [ def(@)in (o) = Jm(zre)lic]  (12)

and it is well known that this differential entropy is the
maximum possible over all pdf’s corresponding to ran-
dom vectors with covariance K. This in turn implies
that if a sequence {\,, @,} is asymptotically optimal
for g, then for any pdf f with covariance K for which
f/g is bounded, this sequence will yield performance

im 0(f, A, Qn) = Op + %1n(27re)k|K\ — h(f).

n—oo
If all that is known about the pdf is its covariance,
designing a code for a Gaussian pdf with the same
K will result in a robust code in the sense that the
performance is known, but suboptimal in that it is
I(fl||lg) worse than it would have been if the true pdf
had been used to design the code. This provides a high
rate analog to the Shannon rate distortion results of
Sakrison [6] and Lapidoth [7] that an approximately

optimal code designed for a large dimensional inde-
pendent and identically distributed (i.i.d.) Gaussian
vector will yield roughly the same performance on any
other i.i.d. vector. Here high rate replaces the assump-
tions of memorylessness and large dimension.

5 Composite Codes and Lloyd Cluster-
ing of Densities

A problem with choosing a worst case pdf to pro-
vide a robust quantizer sequence subject to some as-
sumed constraint (e.g., covariance) is that it can be
too conservative. One might instead use a collection
of models. Each model in the collection could yield a
code that was robust for some conditional behavior of
the source.

As before let f be the “true” pdf and suppose that
Q is its support (which might be all of R*). Assume
that S = {Sy,; m € J}, where J = {1,..., M}, is
a finite partition of Q; and that P¢(S,,) > 0 for all
m. Assume also that we have a collection of model
pdf’s {gm; m € J} on RE. We assume further that
we have an asymptotically optimal sequence of quan-
tizers for each of the “design” pdf’s g.,, that is, for a
common decreasing sequence \,, — 0 we have for each
m a quantizer sequence Qp, ; n = 1,2,... for which
limy, 9(9m7 Ana Qm,n) = Ok

Let Qn = (an,Bn,£n) be the composite quantizer
constructed from the Q. = (Qmn, Bm,ns bm,n), the
partition §, and a component length function L, that
is,

an(z) = (myama(x))ifzesS,
Bn(m,i) = ﬂm,n(i)
lo(m,i) = L(m)+ ly,i(3).

Consider the performance resulting when the compos-
ite quantizer @, is applied to the pdf f. Letting
Wy = Pr(Sm), fm(z) = f(z)/wn if 2 € S, and 0
otherwise, and choosing index coders optimally yields
with some algebra

9(f7 )‘ann) = Zwme(fmyAn7Qm,n)

If f/gm is bounded for each m = 1,..., M, then we
can apply the mismatch theorem to each component
to obtain the asymptotic high rate performance

lim 0(f, A, Qn) = Ok + > _ Wil (fmllgm).  (13)

n—0o0

This equation can be viewed as an extension of the
mismatch theorem to composite quantizers. Now the
strategy is to divide and conquer: suppose that instead



of a single Gaussian worst case, we are allowed to find a
collection G = {gm; m € J} of pdf’s from an allowed
collection M of Gaussian pdf’s and a partition S =
{S,n; m € J} of R* for use in a composite quantizer.
What is the best way to do so? Specifically, for a fixed
pdf f and model class M, find a countable partition S
and model codebook G which minimizes the mismatch:

I;£inf14(5.6) (14)

where

I(fmllgm)- (15)

ZPf nz

This is immediately recognizable as a clustering or
quantization problem with reproduction alphabet M,
encoder a : ®* — J described by the partition
S ={Sn} byalx) =mifz € S,, m € J, and
decoder b : J — M defined by b(m) = g¢p. Thus
minimizing mismatch can be viewed as quantizer op-
timization, finding the encoder/decoder combination
minimizing Tf (S,0).

The Lloyd decoder optimization is obvious in this
context, given an encoder index m corresponding to
encoder cell S,,, the best possible g, is

Im = argmin[(fm”g)a (16)
geEM

if the minimum exists. Optimizing the decoder yields
another statement of the minimum mismatch problem:

If —mfzpf

To describe a quantizer encoder requires a dis-
tortion measure which describes the distortion, say
dr(x,m), between an input vector x € R®* and an en-
coder output (which in turn will produce the reproduc-
tion g, = b(m)). The average distortion with respect
to the encoder should yield the mismatch, which we
are attempting to minimize. As will be shown, this is
almost accomplished by defining the “distortion”

f(@)
Im ()

) min I(fm|lg)- (17)

dr(z,m)=1n + L(m) (18)
where L is an admissible length function which can be
optimized along with the encoder and decoder. The
first term involves only the shape of the model pdf
and it has been used in clustering with the name of
a “maximum likelihood” or ML distortion since mini-
mizing this distortion over m for a given z is equiva-
lent to choosing the maximum likelihood estimate for

m assuming the vector was produced by one of the
models g, [9]. It is equivalent to the quadratic dis-
crimination analysis (QDA) decision rule in statistics.
Using a Lagrangian formulation of variable rate vec-
tor quantization as in [9] results in the addition of a
vL(m) term to the ML distortion for a Lagrange mul-
tiplier v, so the d; distortion can be viewed as such a
distortion for the special case of v=1. The problem of
course is that this is not a true distortion since it need
not be nonnegative, but the average is nonnegative.
The L(m) term represents a cost or penalty for
choosing the index m and hence can be considered
as a constraint on the encoder partition. We require
as before that it be an admissible length function and
satisfy 1. Once a distortion measure is specified, the
optimal encoder must be a minimum distortion en-
coder and hence for a given decoder codebook G

—Ingn(z)).

In particular, the encoder does not involve knowledge
of f except indirectly through the w,,. The corre-
sponding encoder partition S will then yield average
distortion

/dmf(w)dj(.%',a(w)) > Zwml(fmngm)

a(r) = argmind; (z,m) = argmin (L(m)

with equality if and only if we choose the optimal
length function L(m) = —Ilnw,,. Thus if we choose
an optimal decoder and length function for a partition,
the average distortion according to dj is exactly the
mismatch. Iterating the Lloyd optimality properties
of optimizing encoder, decoder, and length function
can only decrease average distortion and hence also
the mismatch.

The Lloyd algorithm for minimizing mismatch pro-
duces a collection of models g,, € M drawn from some
set M together with a probability mass function, w,,.
A collection of pdf’s together with a pmf can be viewed
as a mizrture and hence the proposed algorithm can be
viewed as a means of fitting mixtures of specified fam-
ilies of densities to an arbitrary pdf.

Gauss Mixture Codes

Let M consist of all nonsingular Gaussian pdf’s.
Again begin by considering the centroid g € M as the
Gaussian pdf g minimizing I(f||g). This is accom-
plished by some algebraic manipulation using relative
entropies for Gaussian pdf’s as found, e.g., in Kull-
back [4]. In particular, given a Gaussian pdf g with
mean £ and covariance K and a pdf f with mean
and covariance Ky. Then
K]

n—-l—

1
—1n(2 K
2n(7re)| A+ 1= K|

1(fllg) = =h(f) +



£ Trace(KyK™) | 42— ) K ).
The bracketed term is exactly the relative entropy be-
tween a Gaussian pdf with mean py and covariance
K and a second Gaussian pdf with mean p and co-
variance K (e.g., p. 189 of Kullback [4]). Thus, in
particular, the quantity is nonnegative and will in fact
be zero with the choices py = p and Ky = K, i.e., if
we choose the mean and covariance of the model g to
match the mean and covariance of f. The rightmost
term is nonnegative and will also be 0 if ur = p. With
these choices we are left with

1(7llg) = ~h(f) + 3 In(2me)* K|

and the centroid g is the Gaussian which has as mean
and covariance the mean and covariance with respect
to f.

Again consider the conditional relative entropy
arising with a composite quantizer. Given an en-
coder partition S, the centroids are given as above
with f replaced by f,,: define the conditional mean
wyr, = Ey X and the conditional covariance Ky & =
Eg, (X —ps, ) ((X = py,.)"] (conditioned on X € Sy,).
Then

b(m) = gn, = argminI(fyllg) = N (z, py,,. Ky, )-
geEM

The encoder depends on the pdf f,,, only through the
mean and covariance.

For a model quantizer with an optimal decoder, the
mismatch can be expressed simply as

Zwml(fmngm) =
—h(f)+ H(Z)+ % > wm In(2me)¥ Ky, |

where Z is a discrete random variable with pmf P(Z =
m) = Wy, = Pr(Sy,) for all m. The average distortion
forces a balance between the rightmost term, which
tries to match Gaussian models to partition cells, and
the entropy term, which puts a cost on partition cells.

When using individual Gaussian models with op-
timal codebooks and length functions, the distortion
d;(z,m) becomes In f(z)—Inw,,+% In ((2m)*| Ky, |) +
3(x— ,ufm)tKJ?"}(x — py,,) and the optimal minimum
distortion encoder picks m to minimize this distortion
given an observed .

The Gauss mixture design can be used to design
classifiers and hence image segmentation algorithms
in several ways. A Gauss mixture can be designed for

a complete source and used to design a classified VQ.
Each index can be labeled by the maximum a posteri-
ori class for that index as estimated from the training
set. Alternatively, a separate Gauss mixture can be
designed for each class and a separate VQ codebook
designed for each mixture. A new vector (or an entire
image) is encoded using the collection of codebooks
and the codebook with the smallest average distortion
indicates the class. This is an extension to images of
a codebook approach to speech recognition [8]. Ex-
perimental examples will be presented in the talk and
further examples can be found in [10, 9].
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