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has undergone

used in large scale

a rapid

development.

I

One of the important
trends was to reduce the time
necessary to switch the state of the storage element. In
recent memories the time necessary to switch one element is
on the order of 1 ns while the memory speed is about
100 ns [1].

the point

of one microstrip
more than

conductor
and there-

stripline.

circuits

and mem-

is much better suited

However,

while the properties

line were well known,

the fields due to

between

the micro-

strips had not been calculated. One reason for this could be
attributed
to the fact that the Schwarz–Christoffel
integral
(successfully
applied by Black and Higgins
[3d] to one
microstrip)
leads to a complicated
integral when applied to
a number of microstrip segments and cannot be evaluated in
closed form.

rent losses. The presence of the neighboring
influences the current and the field distribution,

configuration

one strip and the coupling

equation

in order to reduce eddy cur-
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striplines has been analyzed by Cohn, Jones, and Bolljahn
[6].
More recent] y Wheeler [7] obtained explicit solutions for
wide microstrips
in terms of simple functions. Other recent
work [8] shows a continued interest in the properties of stripIines.

Therefore the design of a memory array [2] is based on
microwave considerations.
The array consists of microstrip
are usually

NO.

on the
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Abstract-In
this paper the current distribution is calculated for a
microstrip line in the presence of a neighboring strip. The electric field is
calculated and the characteristic impedance of the slotted ndcrostrip line
is determined. A graph of characteristic impedance is given for odd and
even excitations. The calculations are carried out by setting up a singular
integral equation which is solved using a finite integral transform. This
method has the advantage that the calculations can be generalized in a
straightforward manner for the multislotted line.

N THE

TECHNIQUES,

Therefore,

approach.

difficulties

it was decided

This approach

in obtaining

a solution

to use an integral

is seldom used [9] due to
to the integral

equation,

Clearly, if the potential theoretic problem is formulated
in
terms of the jield produced by an unknown
current distri-

fore this effect has to be accounted for. Coupling effects are
often very considerable making the quantitative
behavior of

bution,

the microstrip
backward coupler of considerable interest.
The aforementioned
considerations
also enter in designing

obtained. This type of integral equation has been treated in
the literature
[10]. It has been used by Pa16cz [11] in investi-

integrated circuits for various purposes. For this case and
also for the memory array, the actual microstrip
contains a

gating the field due to a double strip, when even symmetry is
present in the field. Generalization
to the case of more than

layered material between the upper microstrip and the lower
groundplate,
but the forward coupling
of the layer is not
considered in the following
calculations.
The properties of a single microstrip
are well known

from

calculations
done in the early fifties [3]. Later the symmetrical stripline came into prominence
[4], partly because
it possessed advantageous
properties,
such as small stray
coupling and low 10SS,and also because the theorists recognized that it was easier to analyze the symmetrical stripline
than the microstrip.
In addition to analyzing the single symmetrical
stripline
in the fundamental
mode [4], the cutoff wavelength of the
first higher mode has also been calculated [5] and approximate equivalent circuits for the discontinuities
have been
derived by Oliner [5]. The coupling effect in symmetrical
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then an integral

equation

with

a Hilbert

two segments have been given by Nickel
and Lewin [13].
In this paper,
calculate

a finite

the current

Hilbert

distribution

kernel

is

[12], Pak5cz [11]

transform
of coupled

[14] is used to
elements

in a

memory array or integrated circuit. The characteristic
impedances are calculated and presented in a graph for odd
and even symmetry. However, the method itself is more general since finite integral transforms
[15] are directly applicable to a large class of problems in electrophysics,
FORMULATION OF THE INTEGRAL EQUATION
Consider

the slotted microstrip

line whose cross section is

shown in Fig. 1. Note that its dimensions have been normalized so that the total width of the configuration
is two.
Normalized
linear dimensions are obtained by dividing all
actual lengths by one half the total actual width. A stripline
thus normalized will have the same characteristics as the line
of Fig. 1 insofar as the quantities of interest in this paper are
concerned.
The ground plane is replaced by image electrodes as
shown in Fig. 2. As usual, the images carry the same currents as the actual electrodes except the sign of the current
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Fig.1.

Thestripline
configuration ofinterest using normalized
sions. The ground plane is of infinite extent.

dimen-

reversed (i.e., i(x, h)= —i(x, —h)). This substitution
will aid
in the formulation
of the integral equation. The following
assumptions are also made for that purpose.
1) The configuration
direction

is plane parallel

(the z direction

and infinite

is perpendicular

3) The ground

plane is infinite

to the cross

of V. This gradient operator refers to the (x, y) points; since
these are independent of the (x’, y’) coordinates over which
in (3) is taken,

interchanged

in free space.

the order

of operation

may be

so that using (3) and (4) we obtain

in extent.

of each strip is zero.

5) Only a transverse

electromagnetic

and it propagates
6) The excitation

(TEM)

wave exists,

in the z direction.

11+

———

is harmonic.

By assumptions

“[ ?“’2

5 and 6 all fields vary as exp ~(tit-kz)],

where k is the free space wavenumber

+

equal to W(W 0)112.For

example the scalar potential

T(x, u, Z, O =
Since exp ~(at–

x

Fig. 2. The equivalent structure obtained by the method
of images, showing the coordinate system used.

the integral

section of Fig. 1).
2) The system is lossless and located
4) The thickness

in the z

)

‘i

W, v) fw [j(at – lcz)l.

kz)] is a common

tions it will be suppressed.
lows [11] that

Under

factor

(1)

of all field equa-

y+h
_
[ r’~

(5)

.—

y–h
;0

rl’

i(d)d?i

1}

where ZOand jo are unit vectors in the x and y directions,
spectively.

these assumptions,

Xo

rlz 1

Requiring

that Ez vanish at y=

yields

it fol-

0=

(J:”+
fa’)’(’’)(’-x’)d”

(6)

17

1

r

L(z– z’)’+ (2h)2
where 7?0is a vector from the source point (x’, y’) to an arbitrary reference point (the zero of potential),

re-

+ h for as I xl g 1

– (z – z’)’ J

or

and ~ is a vector

from the source point to the field point (x, y). The origin will
be taken as the zero of potential.
that

i(x’, y’)

is nonzero

Referring

to Fig. 2, it is seen

only for a< I x’I s 1 and y’=

~ h.

That is i(x’, y’) is of the form i(x’)[ti(y’-h)–
~~’+h)].
Since the only y’ dependence is in the delta functions, integrating (2) with respect toy’ yields

“Fnci)
-’n(+)}”
from

the
r,,

To

obtain

be

computed

the

=

[(x

its

zero at the electrodes.
field is obtained

derived.

[ln rl — in r2]dz’

SOLUTION OF THE INTEGRAL EQUATION

diagram,

integral
and

The analogous definition
is used for – 1 <x<: – a.
Thus an integral
equation
(7) defining
Z(X) has been

l’]

. i(z’)
where,

,3,

+-(:)’’2[L”+

=

The left-hand side of (7) is considered as a Cauchy principal value of the integral. That is, for a< x <,1 the integral
is taken to mean

–

x’)’

equation

+

(y
for

T

(4)

h)2]1’2.

i(x’)

the

electric

field

will

Ez set equal to
Since the wave is TEM, the electric

tangential

by taking

component

the negative

transverse

gradient

This

integral

so the

problem

equation
may

inverse

transform.

equation

also

arises

be
It

involves

a finite

considered

to

is fortunate

in aerodynamics

Hilbert

be

that
and

one

this

transform,
of

type

solutions

finding
of

the

integral
from

this

discipline can be applied. Pa16cz [11] discusses this connection in his paper. In particular
Tricomi
[14c] has shown
that if
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i(v)

co+clx–~

=

r J —a

{[

——
. sgn (x) – {zz – a2F(x)

x—z

1

V1

– x’2G(x’)
(17)

1
1
—+—————
x—x’
x+x’

(

ti(l

F(x)

s a
Equation

+[J:a+Ja’l<n’G(x’’d”’

’11)

Using (7), G(x) for the problem

of interest

1dl – x’2G(x’)

= ;

– ~’) (Z2 – dj’

where

‘(x)=

is given by

(xz _ X,2)

(18) shows explicitly

that F(x) is an odd function.

An iterative procedure can now be used to obtain the current distribution
for each symmetry (odd and even). For a
infinite

Using these definitions
result

for F(x) and G(x), (10) is the solution

of the integral

is considerably

simplified

equation

given in (7). The

if i(x) is either

odd function of x (that is, i( —x) = — i(x)) then Cl must be
equal to zero (see (10)). Any other value of Cl leads to an

i(x)

=

of current.

Hence

a ~a2 –
sgn (x)
sgn (x) – —
f -a X—2
T

(70

[
–

<X2

–

<(1

(13)

– a2) “

Evidently this type of current distribution
leads to a simplification
in the evaluation of G(x) and F(x) as well. Considering the expression for G(x) given in ( 12), it would facilitate evaluation to express this as one integral from a to 1.
This can be done by noting that for i(x) odd,

s

–“

i(d)(x—Z’)(?X’ 1—i(X’) (X + x’)dx’

-,

(x – x’)’

+4h2

= s a

=

f

‘i(x’)
.

1

1

dx’,

[(X

+

z’)’

+

–

X2)(X2

–

a2)]l/2

so that in the odd mode, where Cl is zero, the current is
uniquely
determined,
within
a constant factor CO. CO is
adjusted so that the total current in one strip is equal to one.
Since this is the current for infinite h, it is only a first approximation
to the current distribution
when h is finite. Thus
is labeled

particular

io(x). Using

io(x) in (15), G(x),

to G(x), is computed.

value of h that is of interest.)

then computed

an

(This is done for the
Using (17), F,(x)

and used as an approximation

is

to the true

F(x). At this point in the process, (13) can be utilized to
obtain a second approximation
to i(x) for the given value of
a and h. This is labeled ii(x) and it is used to generate Gl(x)
and Fl(x), which can then be used to obtain iz(x). In a simila(
manner,

it(x), L(x), etc. may be calculated.

iterative

procedure

was terminated

by less than 2 percent at each point.
It should be noted that the solution
out in an analogous

In this work,

the

when the current changed

manner

for the even mode is

with the exception

that

However, the even mode and odd modes are almost mirror
images, using the middle of the strip as the axis of symmetry.

i(X’) X’ (X2 — X’z — 4h2)dz’

u [($ – ~’)2 + 4~2]

(19)
[(1

sentative values of the parameters. Note that for both modes
the current distribution
becomes flatter as h is decreased.

1

or

G(r)= 2 s

(x)

CI.E]

(15)

x—x’
+ 4h2
(x + %’)2 + 4h2

+

then C, is zero. Equations analogous to (13), (15), and(17)
are used. Not surprisingly,
G(x) becomes an odd function
and F(x) becomes an even one, the opposite situation from
the case where i(x) was odd. A more detailed analysis for the
even mode is given by Pa16cz [11].
The results of this process are shown in Fig. 3 for repre-

[ (z – ~’)j

—

[co

(14)

(x + X’)2 + 4h2 ‘

x+x’

=

carried

SO:(12) becomes
G(x)

for

zero. But in that case

sgn
i(x)

approximation

F(z)dz

– Z’)(Z’

seen that then F(x) is also everywhere

distribution

zero. Using (11) it is

(10) reduces to

this current

22

1

1

a2F(x)

the current

h, since then G(x) is everywhere

an even or

odd function of x. Since (7) is linear in i(x) no generality is
lost by solving separately for odd and even current distributions.
We consider the odd excitation first. If the excitation is an

even component

(18)

dx’.

However,
(17) is a more economical
form for computer
evaluation. Using the fact that F(x) is odd, the second term
in(13) can be simplified to an integral over positive values of
z only.

given value of a, one can obtain

(inverse transform)

dx’
)

or
(lo)

1

}

1969

.

then
– .22F(z)dz

MAY

1’

#
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4hz]

“

’16)

If x is replaced by – x in (16) there is no change in the value
of G(x). Hence G(x) is an even function.
With this knowledge F(x) given by(11) may be rewritten as

CHARACTERISTIC IMPEDANCE
Now that the current distribution
is known, it is possible
to calculate the characteristic
impedance 20 of the line.
Equation

(5)

gives

an expression

for

the

x and

y components
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Fig. 4. (a) Excitation of the line in the odd mode.
(b) Excitation of the line in the even mode.
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An additional, half infinite ground plane
can be added in the odd mode.
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I
I
I

so that V is the voltage between the strips and 10 is the current in one strip. Suitable approximations
for the integrals

I

can be derived
points)

(the integrands

I

I
I

I
I.2 — I

to note that due to symmetry,

I

the plane

mode. The characteristic
impedance of one sltrip to ground
in the odd mode, Z~ is thus given by

I
1.0- I
I
0,8L
0.3

except at the end-

x= O is at the same potential as the ground plane. Hence a
semi-infinite
conducting
plane can be added, as shown in
Fig. 5, without affecting the properties of the line in the odd

1

I

are finite

so that 20 can be calculated.

It is interesting

1.4 —

(22)

i(x)dx,

a

I

h

a)

s

1

I

s
a

E.dx

I

I

I

0.4

0.5

0.6

I
0.7

I
0. El

I
0.9

zoo=

J
1.0

0

– +2..

(23)

Io

x~

(b)
Fig. 3.
tion.

The even mode can be excited as shown in Fig. 4(b). The

plane
distance
on current
distribuEffect of strip to ground
Fig. 3(a) refers to odd excitation, Fig. 3(b) to even excita-

driving

point

impedance

(and hence the characteristic

im-

pedance) is now

tion.

(24)

2;=$
of the electric field (Ez and EU, respectively) in terms of the
current distribution.
Thus, E. and Ev can now be calculated
and integrated along the proper path to yield potential difference.

where

v’=

For the odd mode, the transmission

line can be excited as

shown in Fig. 4(a). If the line is properly
nite in extent (as assumed), the driving
equal to the characteristic

impedance.

terminated
point

or infi-

impedance

is

Thus,

[so‘Eu1Z=q

(25)

dy,

and XOis any (fixed) value of x satisfying

a< XO<1,

and

lJ=[C+1’li(x)dx=2L1’(’)dE
(26)

20=:

(20)

Since each segment carries only half the total current, the
characteristic impedance per segment to ground in the even
mode 20, is

where
v=
and

* [E.],=,dz
s’.

(21)
v’
Zoe = —–
Ttln
lo/~

= 220’.

(27)
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from the strip to ground

in the odd mode thus lowers the characteristic
impedance.
This same behavior should occur for the configuration
of
Fig, 1 and indeed, within the tolerances previously
stated,
Zk was smaller than ZOe.
Another trend can be predicted by a similar argument. As
the ground plane is removed (h becomes large) 20. approaches infinity
since the capacitance
from a strip to

200

160

G

TECHNIQUES,

120

ground

N“

approaches

is the additional

80

ground

h approaches
bearing

0

0.0s 0.1

0.4

0.2

in the odd mode there

to the additional

plane. This capacitance

rather is constant.

40

zero. However,

capacitance

Thus ZW should approach

infinity.

Fig.

(imaginary)

does not approach

6 demonstrates

zero, but

a finite limit
this

as

behavior,

out the prediction.

0.6 0.8 1.0

h

Fig. 6. Characteristic impedance of one segment to ground for the
even excitation (2..) and for the odd excitation (ZOJ. Refer to Fig. 1
for the definition of the distances a and h.
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of elliptic

y-als was not needed at all. The calculation
~arious conformal
:onnection

mappings.

was found

In the following

between

the theory

inte-

was made by
paper

[2] a

in [1] and the

heory of transformations
of elliptic iategrals, in particular
he Landen transform.
From this connection a general and
rery advantageous
algorithm
was derived to get the funcion K/K’. In the first part of this paper it will be proved that
t is possible to get the useful and general formulas of [2]
without going back to elliptic integral theory. Elementary
:onformal mappings as in [1] will suffice.
In the second part,

METHC)D
has been developed [1] to achieve good
approximations
for the characteristic
impedances of

parallel and conical transmission lines,
improve these approximations
step by step, so that
arbitrarily
good approximations,
i.e., exact values,
obtained. The interesting fact is that up to now these

NO.

Impedances
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some

MTT-17,

to Exact

Characteristic

A

[14a]

VOL.

u-e treated,

two coupled

as an interesting

strip transmission

technical

and somewhat

lines
more

complicated example. Thus it will be illustrated
that the
new method of calculation
is simpler than the conventional
(me, that it is generally
applicable, and that the results agree
with those obtained by the conventional
theory. Further, it is
;hown that even in cases with extreme design parameters,
leeded, for example, for new developments, the new method
~ives the results faster and more exactly by elementary fornulas than they can be obtained by tabulated elliptic inteyal functions.

