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Carrier Synchronization for Homodyne
and Heterodyne Detection of
Optical Quadriphase-Shift Keying

John R. Barry and Joseph M. Kahn

Abstract— We investigate, through analysis and simulation,
the performance of four carrier-synchronization techniques suit-
able for both homodyne and heterodyne detection of optical
quadriphase-shift keying: the discrete-time decision-directed loop,
the analog decision-directed loop, the Costas quadriphase loop,
and the fourth-power phase-locked loop. Accounting for shot
noise, laser phase noise, and feedback delay, we optimize the loop
natural frequency and specify laser-linewidth requirements. The
performance discrepancy between the best and worst of these
loops is found to be small; accounting for inherent loop delays
only, the linewidth requirements range from AvT < 2.5 x 10~°
to AvT < 3.2x107°, where Av is the beat laser linewidth and T
is the baud interval. Hence other considerations, such as ease of
implementation, will govern the design choice for most practical
systems. For the case when propagation delays in the feedback
loop are significant, we present a simple and accurate method
for estimating the laser-linewidth requirement and corresponding
optimal natural frequency.

1. INTRODUCTION

O date, both coherent and direct-detection optical com-

munication systems have used binary signaling almost
exclusively, primarily because the immense bandwidth of op-
tical fiber has made the high spectral efficiency of quadrature-
amplitude modulation (QAM) techniques unnecessary. There
are two trends in fiber-optic communication, however, that
may lead to the use of QAM techniques such as quadriphase-
shift keying (QPSK, or 4-QAM) in future systems. The first
trend is the push toward higher speeds, which is driven by the
philosophy that, when transmitting a high volume of traffic, a
single high-speed link is generally cheaper than several slower-
speed links in parallel. As future systems aim for bit rates of
10 Gb/s and higher, the limited electrical bandwidth of the
receiver becomes a serious constraint, and QAM becomes a
viable alternative. A receiver with an electrical bandwidth of
10 GHz, for example, would be hard pressed to achieve a
20-Gb/s bit rate using binary signaling, but it in principle
could achieve a 40-Gb/s bit rate using homodyne QPSK. A
second trend in multichannel fiber-optic communications is
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toward densely packed frequency-division multiplexed (FDM)
systems; the high bandwidth efficiency of QAM would allow
more FDM channels to be packed into the limited tuning
range of tunable receivers. The price paid for this bandwidth
efficiency is receiver complexity; QAM requires coherent
detection and two electrical processing branches (in-phase and
quadrature).

Optical QPSK is the most attractive of all QAM schemes
because it offers power efficiency as well as bandwidth ef-
ficiency; both heterodyne and homodyne QPSK require only
18 photons/bit in the quantum limit, equaling the sensitivity
of synchronous heterodyne binary PSK, the most sensitive of
the binary heterodyne schemes.

To perform synchronous detection of QPSK, the receiver
must match the phase of the local oscillator (1.O) laser to
that of the received optical signal using a phase-locked loop
(PLL). This PLL can be either optical or electrical; they have
identical steady-state performance, and the analysis we present
is applicable to both. The optical PLL is preferable, however,
due primarily to its wider lock-in range.

In this paper we examine the performance of four carrier-
synchronization techniques suitable for both heterodyne and
homodyne detection of optical QPSK. The performance of
the Costas loop has been examined elsewhere [1], [2]. Here,
we analyze the performance of four loops: the discrete-time
decision-directed loop, the analog decision-directed loop, the
Costas loop, and the fourth-power loop, and compare their
relative merits. We follow the approach of Spilker [3], as have
others analyzing the performance of carrier synchronization
for coherent detection of binary signaling [4], [5]. The goal
of our analysis, which accounts for the effects of shot noise,
laser phase noise, and feedback delay [6], [7], is to optimize
the loop filter and specify laser-linewidth requirements.

In the next section we establish the equivalence between
homodyne and heterodyne QPSK [8], [2]. In Section III we
describe the loops under consideration. For each loop we
present three models: implementation models, which represent
the physical system implementation; complex models, which
are advantageous for simulation; and linear models, which
are used for analysis. Our treatment of the decision-directed
and Costas loops is unusual in that we view them both
as special cases of a more general quadriphase PLL. This
approach yields valuable insight into the relationship between
these different loop types. In Section IV we present a unified
linear analysis applicable to all of the loops in question.
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Canonical receiver structure for (a) homodyne and (b) heterodyne
QPSK. Carrier synchronization is not shown.

Fig. 1.

We present procedures for optimizing the loop filter and
specifying laser-linewidth requirements when the feedback
delay is not negligible. Finally, in Section V, we present
numerical simulation results which confirm the accuracy of
our theoretical results.

II. EQUIVALENCE OF HOMODYNE AND HETERODYNE QPSK

The receiver structures for homodyne and heterodyne QPSK
are compared in Fig. 1. Recall that QPSK can be viewed
as two independent binary PSK signals in quadrature. The
primary difference between homodyne and heterodyne QPSK
detection is the domain in which these two channels are sepa-
rated. In homodyne detection, the channels are separated in
the optical domain using a 90° optical hybrid, which nullifies
the familiar 3-dB gain of homodyne over heterodyne [8], [9].
(In fact, there is no sensitivity advantage of homodyne over
heterodyne for any QAM technique.) This sensitivity reduction
is unavoidable, however, for no single-detector receiver can
efficiently recover both the in-phase and quadrature data
streams. In heterodyne detection of optical QPSK, the received
signal and LO lightwave are coupled using a 180° hybrid,
resulting in an intermediate frequency (IF) electrical signal.
* Channel separation is then performed in the electrical domain.

The heterodyne receiver cannot use the 90° optical-hybrid
front end without unnecessarily introducing a 3-dB penalty,
and the homodyne receiver cannot use the 180° optical-hybrid
front end without destroying information. In this sense, the
receiver structures shown in Fig. 1 are canonical.

If the output of the fixed RF oscillator in Fig. 1(b) is
cos(wirt), where wir is the difference between the signal
frequency and LO frequency, then the baseband currents
i1(t) and i2(¢) of both the homodyne and heterodyne down
convertors of Fig. 1 are given by

in(t) = Acoslf(t) + p(t) — $(B)] + ma (2).

ig(t) = Asin[B(t) + ¢(t) — ¥(t)] + na(t) M
where A £ Ry/PsPio is the baseband signal amplitude,
R is the photodiode responsivity, Ps is the power of the

received optical signal, Pro is the power of the LO laser,
6(t) € {r/4,37/4,5n/4,7x /4} is the QPSK modulation and
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is constant over each symbol interval of duration T, (t) is
the beat laser-phase noise (the sum of the phase noises in
the two lasers), 9(t) is the control phase of the LO laser,
and ny(t) and no(t) are shot noises modeled as independent
and identically distributed Gaussian processes with two-sided
power-spectral densities (PSD’s) gRPLo/2, where q is the
charge of an electron. We implicity assume that the outputs
of the RF mixers in Fig. 1(b) are bandlimited so that the
double-frequency components (at 2wrr) are rejected. With this
assumption, the ideal heterodyne and homodyne down conver-
tors of Fig. 1(a) and (b) are completely interchangeable; they
take identical inputs and produce identical outputs. As shown
in the figure, the signals ¢; and 43 are filtered, sampled, and
quantized to yield the in-phase and quadrature data streams.

Because the homodyne and heterodyne down convertors of
Fig. 1 produce identical outputs, we can draw three important
conclusions: first, homodyne and heterodyne QPSK have the
same sensitivity [8]; second, any PLL suitable for homodyne
detection of QPSK can also be applied to heterodyne detection
of QPSK; and third, the corresponding PLL design proce-
dure and laser-linewidth requirements are identical for both
homodyne and heterodyne QPSK [2].

Only three experimental optical QPSK systems have been
reported to date, and all three have used homodyne detection
[10]-[12]. There are numerous reasons to consider heterodyne
detection of QPSK, however, despite the increased bandwidth
requirement:

* Heterodyne QPSK has the same sensitivity as homodyne

QPSK.

* The 180° optical hybrid is easier to implement than the
90° optical hybrid.

* The heterodyne receiver requires only one balanced de-
tector.

¢ The heterodyne receiver, in requiring half as many bal-
anced detectors, requires half as much LO power to
achieve shot-noise-limited operation.

* Chromatic dispersion equalization is easier for the het-
erodyne receiver. This is because equalization in the
homodyne receiver requires two baseband equalizers plus
cross-processing between the in-phase and quadrature
receiver branches, whereas equalization in the heterodyne
receiver requires only a single, passband equalizer.

We therefore consider both heterodyne and homodyne detec-
tion. This task is simplified greatly by the equivalence of the
homodyne and heterodyne down convertors of Fig. 1; most of
the loops we consider take ¢; and i as inputs and are thus
applicable to both homodyne and heterodyne receivers. The
one exception is the fourth-power PLL, which for heterodyne
detection has a simple realization based directly on the IF
photodetector output.

III. LoOP ALTERNATIVES

In this section we describe four carrier synchronization tech-
niques suitable for synchronous detection of optical QPSK:
the discrete-time decision-directed PLL and its derivatives (the
analog decision-directed PLL and the Costas loop), and the
fourth-power PLL.
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TABLE I
TRANSFER FUNCTIONS F AND G.

Loop Type

Fle(t)}

G{=(t)}

Discrete-Time Decision-Directed
Analog Decision-Directed
Costas
4-th Power

Decision: [z(kT')]
Decision: [z(kT))
Hard Limiter: [x(t)]
Conjugate:™ 2*(t)

Sample & Hold: z(kT)
Delay: z(t — T'/2)
Identity: x(t)
Cube: 23(¢)

TEquation (6) does not apply.

Note: shown are the outputs of the  and G blocks during the kth baud interval, ¢t € [kT, (k 4 1)T], subject to an input x(t).

LPF G &
HOMODYNE F
(@) e
QPSK HETERODYNE]| F(s)
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CONVERTOR F LOOP
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2
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1
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PHASE SHOT
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B(s)}i G Qi I}
(*)

PHASE ERROR ESTIMATOR

®

Fig. 2. The decision-directed and Costas loops: (a) implementation;
(b) complex model.

A. The Discrete-Time Decision-Directed Loop and its Derivatives

We first consider the discrete-time decision-directed loop
and its closely related derivatives, the analog decision-directed
loop and the Costas loop. Each can be applied to both
homodyne and heterodyne QPSK. We describe first their
implementation, then their complex model.

1) Implementation: The discrete-time decision-directed loop
and its derivatives have an identical structure, as shown
in Fig. 2(a). The outputs i1(¢) and i2(t) of the homodyne
or heterodyne down convertor are passed through identical
low-pass filters with rectangular impulse response (1/A4)b(t),
where:

) 2 {1/T for t € (0,7] @

0 for t ¢ (0,7).

The low-pass filters are normalized by A to simplify later
notation. The low-pass-filter outputs w(t) and v(t) are then
passed through blocks labeled F and G. The final error esti-
mate e(t) is found by a cross multiplication and a subtraction,
as shown schematically in Fig. 2(a). As we will see, e(t)
closely approximates the true phase error (t) £ o(t) — ¥(¢).

The contents of the F and G blocks are determined by the
loop type per Table I. The square brackets in the table denote

a hard-limiting (for a time-varying input) or a quantizing (for
a discrete-time input) operation:

la] é{-—l/\/i forz < 0
1/vV2 forz>0.

From Fig. 2(a), the phase error estimate e(t) for ¢t €
[kT, (k + 1)T] is given by:

e() = Glu()}F{v()} - Flu@®)}g{v(®)} @)

= Im{G{s(t)} F{s(t)}"} ®)

where s(t) £ w(t) 4 ju(t). We extend the definitions of F and

G to complex-valued inputs by assuming independent action
on each of the real and imaginary parts, so that:

Flu+jv} & Flu} + jF{v}

3

(©)

and similarly for G. This is a natural extension, based on the
following observations regarding the functions described in
the first three rows of Table I:

* Independently delaying the real and imaginary parts of a
complex signal amounts to delaying the complex signal
itself.

Independently sampling and holding the real and imagi-
nary parts of a complex signal amounts to sampling and
holding the complex signal itself.

* Independently quantizing (limiting) the real and imagi-
nary parts of a complex number (signal) amounts to a
two-dimensional quantization (limiting) of the complex
number (signal) itself.

This exhausts the functions listed for the first three loops
in Table I, because a decision device is a concatenation of
a sample-and-hold device with a quantizer, and the identity
function is a zero-delay device.

In the next subsection we introduce a complex model for the
decision-directed and Costas loops which not only facilitates
analysis and simulation, but also clarifies why (4) provides a
good estimate of the true phase error € = ¢ — .

2) Complex Model: The relationship in (5) leads to a
mathematically equivalent complex model for the decision-
directed loops of Fig. 2(a), as shown in Fig. 2(b). We assume
the LO laser acts as an ideal current-controlled oscillator, so
that the laser control phase ¢ is proportional to the integral
of the loop filter output. The local laser is thus represented
in Fig. 2(b) by the block labeled VCO, which consists of an
integrator followed by a complex exponentiator. Without loss
of generality, we can combine the laser phase noise of the
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LO laser with that of the received lightwave, with the result
being that the phase noise ¢ of the input signal in Fig. 2(b)
is actually the sum of the phase noises in both lasers, and
the VCO in Fig. 2(b) has no phase noise. The noise n(t) in
Fig. 2(b) represents the additive shot noise and is modeled as
a complex white Gaussian noise process with a PSD of T/M,
where T is the symbol interval and M £ RPsT/q is the
number of detected photons per symbol [13].

As described in Table I, the discrete-time decision-directed
loop uses a decision device for F and a sample-and-hold for
G. With the aid of Fig. 2(b), we will now explain the intuition
behind these choices. Once this is understood, the workings
of the other loops listed in Table I will become clear.

Suppose the complex representation of the signal during the
kth baud interval, t € [kT, (k + 1)T), is given by:'

Sk = eI (Brtex) )
Here, 0 € {r/4,37/4,5n/4,7Tn/4} represents the QPSK
modulation during the kth baud interval, and € represents the
phase error, which for now we assume varies slowly enough
that it is approximately constant during one baud interval.
Note that, for the purposes of this illustrative example, we
are neglecting shot noise. In Fig. 3 we illustrate the QPSK
constellation along with a typical s, which is marked with
an X.

The problem faced by the carrier synchronizer is to estimate
¢x based on si. Observe from Fig. 3 that multiplying sx by
a complex-conjugated and quantized version of itself, [sx]",
yields eis*, provided that |ex| < 7/4. This leads to the
following estimate of the phase error:

e(t) = Im{sx[sk]"}, 8)
which in this example reduces to:
e(t) = Im{e’** } = siney = ex )

the last equality being valid for small .

Of course, in practice there is additive shot noise, and the
phase error is not constant during each baud interval. To
counter these complications, a receiver can pass the signal
through a matched filter and then sample-and-hold the output.
The output of the sample-and-hold device during the kth baud
interval is then:

Sk = ej(ak—1+5k—l) + N1 (10)
which is similar to (7), except for an effective delay of one
baud interval, and here e+ is the time average of the phase-
error phasor over the kth baud interval:

(k+1)T
95t gt

j A
eiek &

(11)

N

kT

In this paper we will consistently denote the piecewise-constant
continuous-time function T 3", zxb(t — T), where b(t) is the rectangular
pulse defined in (2), by the values {x} it takes on during each interval.
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Imﬁ;
Sk
[si]

€

» Re

Fig. 3. The QPSK constellation with a typical slicer input, si, and
corresponding slicer output, [s].

where &(t) = (t) — ¥(t) is the true phase error, and ny is
the shot noise averaged over the k-th baud interval:

(k+1)T
n(t) dt.

A
N =

(12)

N~

kT

The noise 1 has the effect of perturbing s; off of the unit
circle of Fig. 3. Nevertheless, (8) still provides an excellent
estimate of the phase error. And this is precisely the estimate
generated by the discrete-time decision-directed loop of Fig. 2
per (4). To wit, the s factor in (8) is generated by G, which
from Table I is a sample-and-hold device, and the [s] factor
in (8) is generated by F, which from Table I is a decision
device (sample-and-hold plus quantizer). In other words, the
discrete-time decision-directed loop estimates the phase error
by comparing the phase of the complex-valued slicer input
(sx) with that of the complex-valued slicer output ([sk]).

a) Analog Decision-Directed Loop: What we call the ana-
log decision-directed loop is frequently referred to as simply
the decision-dirécted PLL [3], [14]. According to Table I, the
analog decision-directed loop replaces the sample-and-hold
device of the discrete-time decision-directed loop by a half-
baud delay. This substitution does not have significant impact
on loop performance, because the low-frequency component of
the sample-and-hold input is approximately equal to the low-
frequency component of the sample-and-hold output, and also
the sample-and-hold device has an effective delay of T'/2 (the
front-end filter of (2) has an additional group delay of T' /2, so
they combine to make a total delay of T). Because the high-
frequency components are rejected by the low-pass nature of
the loop transfer function, the performance penalty due to the
substitution of the half-baud delay for the sample-and-hold
device is minimal, and thus the analog decision-directed loop
is only slightly inferior to the discrete-time decision directed
loop. As we see later, this conclusion is borne out by our
simulations.

b) Costas Loop: The Costas loop is still simpler than the
analog decision-directed loop: it replaces the decision device
of the analog decision-directed loop by a hard limiter, and
the half-baud delay of the analog decision-directed loop by
an identity function. The low-frequency component of the
hard-limiter output will be equal to the correct decision. Of
course, the high-frequency component will be different, but it
should be rejected by the low-pass nature of the loop. Since
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TABLE II
INHERENT DELAYS DUE TO FILTERING AND OTHER PROCESSING

Low-Pass Other Total

Loop Type Filter Processing Delay
Discrete-Time Decision-Directed T/2 T/2 T
Analog Decision-Directed T/2 T/2 T

Costas T/2 0 T/2
Fourth-Power T4 0 T4

there is no intrinsic delay in the hard limiter, the additional
half-baud delay of the analog decision-directed loop can be
eliminated. The Costas loop thus has an inherent delay of
only one half-baud interval, as compared to the full-baud
delays of the decision-directed loops; the inherent delays of
each of the loops under consideration are listed in Table IIL.
The Costas loop, being only an approximation to the analog
decision-directed loop, performs worse than the analog and
discrete-time decision-directed loops.

3) Linear Model: In this section we develop a linear model
for the decision-directed and Costas loops shown in Fig. 2. In
fact, we consider only the discrete-time decision-directed PLL.
As discussed above, however, the analog decision-directed
loop and the Costas loop are both approximations of the
discrete-time PLL. To the degree that these approximations
are accurate, then, the analysis we present here is applicable
to all three loops.

Consider the complex model for the decision-directed loops
shown in Fig. 2(b). Assume that the front-end filter has unity
dc gain, and that it is matched to the rectangular pulse shape
of the transmitter, so that b(¢) is given by (2). The output s(t)
of the front-end filter is then given by

s(t) = b(t) ® {Teje(” > el bt —mT) + n(t)} (13)
m

where the symbol & denotes convolution. According to

Table I, G is a sample-and-hold device, so the output of

the G block in Fig. 2(b) during the kth baud interval ¢ €

[kT,(k + 1)T] is constant, equal to s(k7T'):

G{s(t)} = s(kT) = el Br—1teni) L Nh_1
where e’* is given by (11) and ny is given by (12). The F
block is a decision device, which means its output during the

kth baud interval is a two-dimensionally quantized version of
the sampled-and-held signal

F{s(t)} = [s(kT)] = [e/Pr+ee-t) fmy ] = %1 (15)

(14)

The last equality assumes that the noise perturbation ny—;
and the phase error €,_; are small enough that the decision
device does not make an error. In a practical system, errors
are rare (error rates below 10~% are common), so this is a
good assumption.

From (14) and (15), the error signal during the kth baud
interval ¢ € [kT, (k+ 1)T] becomes:

e(t) = Im{G{s(t)} F{s()}"} (16)
- Im{ejEkfl + nkhle—jekfl} 17)
=sineg_; +w(t-T) (18)
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Fig. 4. Fourth-power optical PLL: (a) implementation for heterodyne
detection; (b) complex model.
where

w(t) £ Im{nge 9%} for te[kT,(k+1)T]. (19

In Appendix A we show that w(t) is well-approximated by a
white random process with power spectrum S, (w) = nT/M,
where 7 = 1/2. If £(¢) is approximately constant over each
baud interval, then from (11) we have ¢, = £(t), and (18)
reduces to:

e(t)me(t-T)+w(t-T) (20)

for small . This is the linear model which we use in
Section IV to analyze the performance of this PLL.

B. The Fourth-Power PLL

We now consider the fourth-power PLL. We consider
first the traditional passband architecture which, unlike the
decision-directed loops considered in Section III-A, is specific
to heterodyne detection and cannot be used in homodyne. We
describe its passband system implementation, then introduce a
baseband model more amenable for analysis and simulation.
We also introduce a homodyne realization of the fourth-
power PLL.

1) Implementation: In Fig. 4(a) we illustrate the structure
of a fourth-power PLL for heterodyne detection of optical
QPSK. The IF current i(t) is given by:

i(t) = 2A cos[wipt + 8(t) + ©(t) — P(t)] + nsn(t),

where all of the parameters were introduced in Section II
except for n,p(t), which represents the IF shot noise and is
modeled as a Gaussian noise with two-sided PSD ¢RPi 0.
Hereafter we assume the modulating phase 6(t) in (21) takes
on values from {0,7/2,7,3x/2}. ’

To reject out-of-band noise, the IF signal is first passed
through a band-pass filter with frequency response:

21

Hw)= -l—{B(w —wir) + B(w + wir)]

1 (22)
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where B(w) is a baseband low-pass filter with unity dc
gain; ideally this band-pass filter passes the signal-with-phase-
noise term undistorted, while at the same time minimizing
the amount of shot noise admitted. The low-pass filter given
by (2), although suitable for the decision-directed loops of
Section III-A, is not necessarily appropriate in this case. To
wipe off the QPSK modulation, the output z(t) of the band-
pass filter is raised to the fourth power, yielding a signal
centered at frequency 4wip. This is mixed with 4 sin(4wirt),
which is produced by band-pass-filtering the fourth-power of
the fixed reference signal. The output e(t) of the mixer is a
good estimate of the phase error £(t) = (¢) — ¥(¢).
At this point it is useful to represent z(t) by:

z(t) = Re{s(t)elr*} 23)

where s(t) £ u(t) + ju(t) is the complex baseband envelope
of z(t) [15]. Based on the schematic diagram of Fig. 4(a), it
is straightforward to show that e(t) is given by:

e(t) = u(t)o(t) (u2(t) — v*(t)) = %Im{s‘l(t)}.

We can work backward from (24) and reformulate a ho-
modyne realization of the fourth-power loop based on the
quadriphase structure of Fig. 2(a). The resulting loop, as listed
in the last (shaded) column of Table I, uses two cubing
devices. This loop is unlike the other quadriphase loops for
two reasons: first, the identity in (6) does not hold, and second,
its error estimate approximates 4¢ rather than £. Nevertheless,
the resulting loop is legitimate and has performance identical
to that of the passband fourth-power loop. In fact, this loop
is closely related to the low-SNR maximum likelihood QPSK
carrier synchronizer [14].

The second equality in (24) leads to a convenient baseband
.model, which we describe next.

2) Complex Model: In Fig. 4(b) we show a mathematically-
equivalent complex baseband model that simplifies consider-
ably the analysis of the fourth-power PLL. It also simplifies
simulation, because baseband signals require smaller sampling
rates than passband signals; the fourth-power-loop simulation
results of Section V are based on this model. Again, the noise
n(t) in Fig. 4(b) is modeled as a complex Gaussian process
with a PSD of T/M. -

3) Linear Model: As we did for the decision-directed loop,

~we now develop a linearized model for the fourth-power loop,
using an approach similar to that in {3]. This model leads to
analytical results that agree closely with accurate computer
simulations.

Assume that the bandwidth of B(s), the front-end filter
in Fig. 4(b), is large enough to pass the signal-with-phase-
noise term undistorted. The input to the fourth-power block
is then s(t) = z(t) + y(t), where z(t) is the undistorted
signal-with-phase-noise:

z(t) = B +e®)

(24

(25)

and y(¢) is the filtered shot noise, which is a Gaussian random
process with PSD

Syw) = 2B 26)
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The output of the fourth-power block is then given by

2(t) = ((t) + y(t)*
= e/ L ;(2)

I

@7
28

where, because /() = 1 for all ¢, z*(t) = e/*(®), The
additive distortion m(t) in (28) represents all of the noise-
cross-noise and signal-cross-noise terms. The error signal e(t)
is simply:

e(t) = Tm{=(0)} = (1) + w(t) (29)
whenever sine ~ e, where w(t) 2 LIm{m(t)}. In
Appendix B we show that w(t) is accurately modeled as
a zero-mean random process, approximately independent of
e(t), with a PSD of 7T/M, where n £ n(M, W) is specified
by (59) in Appendix B and W is the normalized bandwidth
of B(s), defined by (50). The best justification for this
approximation is the close agreement found between the
analytical results and the computer simulations of Section V.

The above derivation assumed that the front-end filter had
no effect on the signal. In fact, a realizable filter will have at
least some group delay 74, in which case (29) becomes:

e(t) = e(t — 74) + w(t — 74). (30)

IV. UNIFIED LINEAR ANALYSIS

The complex models for both the decision-directed PLL and
the fourth-power PLL, as illustrated in Fig. 2(b) and Fig. 4(b),
have the same general form; the only difference lies in how
they estimate the phase error.

A. Common Linear Model

Comparing (20) and (30), we see that the linearized models
for the decision-directed loops and the fourth-power loop are
nearly identical, as shown schematically in Fig. 5. A control
phase 1(t) is subtracted from the input phase (t), and then
a white noise w(t) with PSD S,,(w) = nT/M is added. The
result is delayed by 7, which represents the total loop delay,
including inadvertent system feedback delays as well as the
inherent delays listed in Table II. The output of the delay is
then passed through the loop filter and integrated to generate
the control phase y(t).

The linear model shown in Fig. 5 is identical to the linear
models presented elsewhere in the context of carrier synchro-
nization loops for binary PSK [4], [6], [7], [16]. We may
therefore borrow results from previously published works.
Conversely, the new results we present here, such as the
method in Section IV-C for estimating the laser-linewidth
requirement with arbitrary loop delay, are applicable to binary
PSK as well as to QPSK systems.

The decision-directed loops and the fourth-power loop differ
only in the noise factor 7; as shown in Appendices A and B,
n = 1/2 for the decision-directed loops, while 1 =~ 0.552
for the fourth-power loop (with M = 45.3 and W = 3). We
therefore expect the impact of shot noise on the phase error
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variance for the fourth-power loop to be slightly greater than
for the decision-directed loops.

We model the phase noise ¢(t) as a Wiener process with
parameter 2rAv, where Av is the beat (IF) laser linewidth,
so that the time derivative () is a Gaussian random process
with white PSD 27 A [13]. This is shown explicitly in Fig. 5,
where (t) is the output of an integrator whose input ¢ is
Gaussian white noise with PSD 27 Av.

Because of its superior performance when compared to other
filters with regard to lock-in range, frequency tracking, and
stability, we assume a proportional-plus-integral loop filter
[17]:

w2
F(s) = 2Cwn + Tn-, (31)
where w,, is defined as the loop natural frequency in rad/s,
and ¢ is the loop damping coefficient. In this paper we assume
= 1//2, a common choice because it tends to balance the
conﬂlctmg requirements of quick transient response and low
steady-state variance.

The key parameter for measuring PLL performance is the
total variance o2 of the steady-state phase error e. A linear
analysis of the model in Fig. 5, as presented in [6], [7], [16],
yields the following expression:

(1+4¢%)waTn
acM

TAV
02 = FPN (wn,T) +
2Cwn
where the “bandwidth expansion factors” I'py(w,7) and
I'sn(w,7) represent the increased variances due to nonzero
delay, and are defined by:

Tsn(wnr) (32)

2wa [, .
Tpn(wnt) 2 cw /l]w+e J”F(w)‘ % dw 33)
2
Dsn(w,7) 2 / dw.
‘ 1—+—4C2 ]w-i-e J“”F (w) |
(34)

Both are unity at 7 = 0 and both are increasing functions of
their arguments. The purpose of the functional notation is to
emphasize the fact that these factors depend on w,, and 7 only
through the product w,7.

B. Loop Optimization

The loop filter is wholly specified by a single parameter:
the natural frequency w,. We will optimize the loop natural
frequency to minimize o2, the phase-error steady-state vari-
ance. There are of course other transitory considerations in
the design of a PLL, such as the pull-in range, hold-in range,
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and acquisition time, which we ignore; discussion of these
issues can be found elsewhere in the literature [17].

Assuming a zero steady-state mean phase error, 02 com-
pletely specifies the power penalty and bit-error rate (BER)
floor. Using the results of Prabhu [(41) in [18]], we find
that standard deviations of o, = 2.97° and o = 3.78°
correspond to power penalties of 0.5 and 1 dB at 10~° BER,
respectively. We derive laser-linewidth requirements by re-
quiring that 0 < oy.x.

We first optimize the loop natural frequency assuming zero
delay, and define the parameters ag and 3. We then consider
the more general problem of loop optimization assuming
nonzero loop delay, and define the parameters a; and f;.
Together, these four parameters comprise a simple yet accurate
model for specifying the laser-linewidth requirements and
corresponding optimal natural frequency for arbitrary delays;
this model will be presented in Section IV-C.

1) Zero Delay: When the loop delay is zero, I'pn(0) =
I'sn(0) = 1, and the optimum natural frequency that mini-
mizes o2 in (32) is given by [16]:

_ [2rAVTM/n A
wnol = m— = Po

where we introduce [y for later use. The resulting minimized
variance (with w,, = w, ) is:

o — 1+4¢
= e

With (36) we can solve 0 < opax for AvT to arrive at the
following zero-delay laser-linewidth requirement:

KM 20 @

(35)

———2rAvTn/M . (36)

max

(14 4¢%)2mn

where again we introduce «q for later use.

2) Nonzero Delay: There are no closed-form expressions for
the bandwidth expansion factors I'py and I'sy when 7 > 0,
and so we must resort to numerical techniques to compute the
optimal natural frequency. In Fig. 6 we plot o versus w, for
feedback delays of 0, 7'/2, and T, and 3.26T'; other parameters
are specified in the caption. As pointed out in [6], the effects of
the loop delay are two-fold; first, the delay reduces the optimal
natural frequency from its zero-delay value, and second, the
delay increases the resulting minimized phase error standard
deviation. For any set of system parameters {Av, 7, T, M}, the
optimal natural frequency wy, op¢ can be found numerically by
computing the minimum of a curve like those in Fig. 6.

In Fig. 7 we plot the normalized optimal natural frequencies
Wn,opt I versus normalized laser linewidth for the loops under
consideration, with the delay 7 taken from Table II. Here
and in Section V we assume that 74 = T, which makes it
easier to compare the performance of the fourth-power loop
with the other loops. Also illustrated in Fig. 7 are the optimal
natural frequencies assuming zero delay (7 = 0), as specified
by (35). These curves emphasize the importance of taking the
delay into account when optimizing the loop natural frequency;
ignoring loop delay can lead to overestimating the optimal loop
natural frequency by as much as 24% for AvT = 10~%, (In

AvT <
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Section IV-C we will see that larger values of AvT are not
practical due to an unacceptably-large power penalty.) Delays
larger than T' will, of course, increase this effect.

3) Large Delay: The inherent loop delay of the decision-
directed loop is 7 = T. For very high bit-rate systems,
however, it is likely that this single-baud delay will be negli-
gible when compared to electronics processing and propa-
gation delays. For this reason, we consider below the loop
optimization problem when 7 3> T [7].

When 7 = 0, the shot noise and phase noise contribute
equally to the total phase error, so that the first and second
terms in (32) are equal. When 7 > 0, however, this is no
longer trie. There are two reasons for this: first, the optimum
natural frequency wp, op¢ decreases as T increases, enhancing
the phase-noise term while diminishing the shot-noise term;
and second, I'pn(w,7) grows faster than Ign(w,7) as 7
increases [6], [7]. The net effect is that, for large delays,
the phase-noise term dominates and the shot-noise term is
negligible.

In the limit of large delay, therefore, the second term of (32)
can be neglected, and the total variance approaches:

o  TAVT
- —
2wnT

FPN (wn'r ) (38)
in which case the loop optimization reduces to choosing
B = wnpT to minimize I'pyn(08)/B8. The optimal value was
found numerically to be

B £0.34. (39)
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This value was reported first in [7]. Substituting (38) with

-WpT = P into ¢ < Opax and solving for Avr yields the

following laser-linewidth requirement for large delays:

2<012nax A

Ten(B)/B

where again o1 will be used later. Numerical calculations show
that I'pn(f1) =~ 2.26 [6], [7]. Note that, whenever 7 > T,
the symbol rate 1/T is irrelevant and the laser-linewidth
requirement depends only on 7.

In the next section we address the problem of specifying
laser-linewidth requirements for moderate delays.

Avt < (40)

C. Analysis Results

The bit-error rate (BER) for an ideal shot-noise limited
optical QPSK system is BER = Q(v/M) [18], from which
we find that the quantum limit of sensitivity for a 1072 BER
is M = 36 photons/symbol (or 18 photons/bit). We assume
that the system is operating 1 dB from the quantum limit, so
that M = 45.3 photons/symbol. We will allot 0.5 dB of this
penalty to system margin, leaving the remaining 0.5 dB for the
penalty due to phase error. The designer of the phase-locked
loop is thus faced with the problem of keeping the steady-state
phase error standard deviation less than 2.97° with a detected
signal power of M = 45.3 photons per symbol.

We will specify laser-linewidth requirements by plotting
o versus AvT with M = 45.3. At each point on the
curve, we optimize the loop natural frequency, as discussed
in Section IV-B, so that the resulting standard deviation o
is as small as possible. The resulting curve will be strictly
increasing. The linewidth requirement can then be read off
directly from the graph: linewidths yielding ¢ < 2.97° are
acceptable, while other linewidths are not.

In Fig. 8 we plot the standard deviation ¢ of the phase error
versus the linewidth-to-symbol-rate ratio AvT, as predicted
by our linear analysis. The thin lines correspond to the
fourth-power loop, the dashed lines correspond to the decision-
directed loops, and the thick line corresponds to the Costas
loop. To emphasize the importance of accounting for delay
in the analysis, we include the zero-delay theoretical curves
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TABLE 111
MINIMAL-DELAY LASER-LINEWIDTH REQUIREMENTS

Maximum Allowable AvT

Theory, ignoring delay

Theory, with Simulation, with

Loop Type (cvo) inherent delay inherent delay
Discrete-Time Decision-Directed 6.9 x 107" 4.9 x 10~ 5.2 x 1077
Analog Decision-Directed 6.9 x 1077 4.9 x 10~ 3.7%x10°°
Costas Loop 6.9 x 107° 5.7 x 1077 2.5 x 1077
Fourth-Power 6.3 x 1077 4.6 x 1077 39%x107°
as well, which were computed from (36). We see that the Tt
zero-delay analysis underestimates the phase-error standard z E Pol|%
deviation, particularly at large linewidth-to-symbol-rate ratios. E L e
The nonzero-delay curves were computed using (32) with g [
wr, chosen optimally at each point. The intersection of these 3 1°'5§
curves with the horizontal line at o = 2.97° is the maximum z
allowable linewidth-to-symbol-rate ratio AvT. g [

In the first two columns of Table III we summarize the Y08 ¢
theoretical results. We emphasize that these numbers depend é E E’
on our initial assumption of operating at 1 dB above the 5 r EIL

. . . . < o w

quantum limit with 0.5 dB of this penalty due to phase error, g o * * :
where both penalties are measured at a 10~ BER. A different 2 5oz 1o 1 10 102 10°

signal power, system margin, or BER would lead to different
linewidth requirements. In fact, these linewidth requirements
can be considered conservative; a practical system is likely to
be further than 1 dB from the quantum limit, in which case
the higher signal power would reduce the effects of shot noise,
thus easing the carrier synchronization task. The damping
coefficient is assumed to be ¢ = 1/v/2. The normalized front-
end filter bandwidth for the fourth-power loop is assumed
to be W = 3, which from (59) with M = 45.3 yields
n = n(M,W) = 0.552. Also included on the curve is a line
at o = 3.95°, which corresponds to a 1-dB penalty; this limit
can be used if one does not allow for a system margin.

As pointed out by Norimatsu et al. in [7], the electrical
delays due to amplification and propagation within the loop
will not be negligible for high bit-rate systems, and hence
must be taken into account when specifying laser-linewidth
requirements and optimizing w;,. To illustrate the effects of in-
creased propagation delay on the laser-linewidth requirement,
we plot in Fig. 9 the maximum allowable AvT versus 7/7T as
predicted by the theory of Section IV-B.2 with = 1/2 and
M = 45.3 photons/symbol. At each point on the curves we
optimize the loop natural frequency.

As shown in the figure, the laser-linewidth requirement near
T =0is Avmax = ao/T, as specified by (37). For large loop
delays (7 >» T'), on the other hand, the linewidth requirement
approaches Avya, = «1/7, as specified by (40). The exact
linewidth requirement for moderate delays cannot be expressed
in analytical form; it must be found numerically. Fortunately,
however, we have found the following approximation to be
surprisingly accurate for all delays:

(41)

(1)) (65}
AVmax = ? H ‘7‘_"

where a || b = ab/(a + b) represents a “parallel” addition.

NORMALIZED DELAY ©T

Fig. 9. Effect of propagation delay on laser-linewidth requirement (n = 1/2);
the inset shows the percentage error due to the approximation of (41).

This approximation is shown as a dashed curve in Fig. 9, and
is barely discernible from the actual curve. It is asymptotically
precise at the two extremes as 7 — 0 and as 7 — oc, while it
provides a maximum error of 3.2% at 7 =~ 2.67.

We found a similar expression for wy opy. When 7 = 0
and Av = /T, the optimal natural frequency from (35) is
Whn.opt = Bo/T. On the other hand, when 7 > T, the optimal
natural frequency from (39) is wy, opy = B1/7. The following
approximation is quite accurate for all delays:

By 2

7= (42)

Wn,apt &
The error approaches zero as 7 — 0 and as 7 — oo, while the
maximum error is 4.3% at 7 ~ 2.5T.

The procedure for estimating the laser-linewidth require-
ment can be summarized as follows. First, estimate the total
feedback delay 7. Second, calculate o using (37) and «; using
(40). Finally, use (41) to calculate the linewidth requirement.
To determine the optimal natural frequency at this linewidth,
calculate 8y from (35), 3; from (39), and use (42).

An alternate interpretation of Fig. 9 is as follows. As shown
in Fig. 6, the decision-directed loop with AvT = 3 x 1075
and M = 45.3 just barely meets the phase-error requirement
(ie., o < 2.97°) when 7 = 3.267. Larger delays yield a
larger minimized phase error standard deviation. Therefore,
the maximum allowable delay for AvT = 3 x 1075 is
Tmax = 3.267". Different values of AvT will yield different
values of T.x. Fig. 9 generalizes this result for the decision-
directed loop by showing how 7., varies with AvT; we
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see that the maximum allowable loop delay (normalized by a
baud interval) decreases as the linewidth-to-symbol-rate ratio
increases. As an example, consider a 10-Gb/s system: with
a 10-kHz beat linewidth, it can tolerate a total loop delay of
at most 18 ns, whereas with a 100-kHz beat linewidth, it can
tolerate a delay of at most 1.2 ns.

V. SIMULATION RESULTS

To test the validity of our linearized analysis, we have
performed accurate computer simulations. These simulations
have done more than just verify our analysis, however; they
also helped discern the performance discrepancies between
the various loops, because they included all of the higher-
order effects our analysis ignored. We were able to analyze
accurately only the discrete-time decision-directed and the
fourth-power loop. We saw how the analog decision-directed
loop and the Costas loop were rough approximations to the
discrete-time decision-directed loop, and thus we expect their
performance to be inferior, but there is no way to determine
how inferior using our analysis. The classical approach to this
problem is to examine the performance of the loops in the
limit of either large or small signal-to-noise ratio (M). For
example, Stiffler shows that, as M — oo, the performance of
the Costas loop approaches that of the discrete-time decision-
directed loop, while as M — 0, the variance o for the Costas
loop approaches 3/2 times that of the discrete-time decision-
directed loop [14]. However, this analysis considered neither
laser phase noise nor loop delay. It is likely that, if it did, the
asymptotic results would no longer hold. When M is neither
zero nor infinite, and when laser phase noise as well as shot
noise is affecting the loop performance, a complete analysis
seems intractable, and thus computer simulations are quite
valuable.

The numerical simulations presented in this paper were
performed using the Ptolemy simulation environment [19].
The signals in the complex models presented in Fig. 2(b) and
Fig. 4(b) were modeled by their sampled values, where the
sampling rate 1/At was chosen as 30/T for the decision-
directed and Costas loops, and 100/T for the fourth-power
loop (1/T is the baud rate). The continuous-time filters were
modeled in discrete time using the impulse-invariant method.
A continuous-time white noise process with PSD Ny was
modeled as a discrete-time white random process with PSD
No/ At.

In Fig. 10 we present our simulation results for the fourth-
power loop by plotting o versus AvT. For each point on
the curve, w, was optimized using the procedure described
in Section IV-B (see Fig. 7), taking into account the inherent
loop delay in each case. The solid curve represents the
theoretical predictions, while the squares mark the simulation
results. They are in good agreement. The front-end filter B(s)
was taken to be Gaussian with W = 3, as given in (49), with
a total group delay of 74 = T.

The simulation results for the decision-directed and Costas
loops are presented in Fig. 11. The solid line represents the
linearized theory for the discrete-time decision-directed loop.
There is again good agreement between this theory and the
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simulation results for the discrete-time loop, which are marked
with triangles. The analog decision-directed loop, marked with
circles, is seen to yield a slightly higher phase-error standard
deviation than the discrete-time decision-directed loop, as
expected. The Costas loop, marked by a cross, performs even
worse.

In Fig. 12 we present all of the simulation results on the
same graph, to facilitate comparison. There, we see that the
fourth-power loop is inferior to the analog decision-directed
loop at low linewidth-to-symbol-rate ratios, while it is superior
at high ratios. Overall, the performance discrepancy between
these loops is not great. For most noncritical applications, then,
it is best to choose the loop based on other considerations,
such as ease of implementation.

Based on the theory of Section III-A.3, one might conclude
that, because of its smaller inherent delay, the Costas loop
would outperform the decision-directed loops. This is not
the case, however, for the theory did not account for the
performance degradation due to the poor phase-error estimate
provided by the Costas loop. Actually, this performance degra-
dation outweighs any performance gain due to decreased delay,
with the net effect being a reduced overall performance. Our
simulation results support this claim. Simulation results do
seem to indicate that the Costas loop behaves as a noisy half-
baud delay PLL, rather than as a less-noisy full-baud delay
loop. This effect is illustrated in Fig. 12, where we see that
the standard deviation of the Costas loop is about 18% larger
than that of the analog-directed loop at narrow linewidths
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(near AvT = 1077), while it is only about 10% larger at
wider linewidths (near AvT = 1073). Thus, the performance
discrepancy between the analog decision-directed loop and the
Costas loop diminishes as the laser linewidth increases.

VI. SUMMARY AND CONCLUSIONS

We have presented a detailed analysis of four phase-locked
loops suitable for synchronous detection of optical QPSK: the
discrete-time decision-directed loop, analog decision-directed
loop, the Costas loop, and the fourth-power loop. We showed
how the analog decision-directed loop and the Costas loop
can be viewed as rough approximations to the discrete-time
decision-directed loops, thus explaining their slightly inferior
performance.

Our linear analysis used a common model for all four loop
types. The only difference in each case was the noise factor 7,
which represents the effects of the phase-error estimator on the
additive shot noise. For the fourth-power loop, we found that
1 =~ 0.55 for a typical front-end filter, while for the decision-
directed and Costas loops, we found that = 1/2. Assuming
a proportional-plus-integral loop filter, we found a closed-
form expression for the optimal loop natural frequency w, opt
when the loop delay was zero, and we presented an analytical
procedure for estimating the optimal natural frequency for
arbitrary loop delays.

To corroborate our linearized analysis, and to examine the
effects of those factors beyond its grasp, we also presented
computer simulations. The agreement between these simula-
tions and our analysis was good. In some sense, the simulations
represent a more thorough treatment of the problem, since they
account for the higher order effects neglected in the linear
analysis. We thus view the minimal-delay linewidth require-
ments arrived at through simulation, which are summarized
in Table III, as more accurate than those based on theory.
Since our simulations considered only the inherent delays in
the loop, (41) should be used to determine the laser-linewidth
requirement when feedback delays are significant.

All four loops have very similar performance and laser-
linewidth requirements. The system designer may therefore use
other criteria, such as case of implementation, when choosing
a loop type.
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APPENDIX A
DERIVATION OF NOISE FACTOR 5 FOR
DECISION-DIRECTED Loop

The PSD of the shot noise n(¢) in the decision-directed
loop in Fig. 2(b) is white with PSD S,,(w) = T//M, while we
claimed in Section III-A3 that the additive noise w(#) in Fig. 5
is approximately white with PSD S,,(w) = nT/M, where (for
the decision-directed loops) n = 1/2. In this Appendix we
justify this approximation, and derive n = 1/2.

Our starting point is (19) in Section II, where we defined
w(t) by:

w(t) = Im{7(t)}

where n(t) is the piecewise-constant function defined as
follows:

(43)

(t) 2 nge” %  for te [kT,(k+ 1)T] (44)

with n; defined by (12), and 6; € {x/4,37/4,57/4,7x/4}
representing the modulation data. In other words, n(¢) rep-
resents the noise-cross-signal term that arises due to the
baseband mixer in the phase-error estimator of Fig. 2(b). From
(12) we see that the discrete-time sequence {ny} is a white
sequence with variance 1/M. Similarly, assuming the data
symbols are all equally likely and chosen independently, then
{e~7%} is a white sequence with unity variance. Furthermore,
because they are mutually independent, the produce sequence
{nxe~7%} is white with variance equal to 1/M; the product
of the two variances. Now 7(t) is the piecewise-constant
continuous-time function taking the value npe J% during the
k-th baud interval; therefore, its autocorrelation function is
given by [20]:

Ra(r) = 37A() #5)
where the triangle function A(7) is zero for |7| > T and
A(r) & (1 = |7|/T) for |7| < T. Taking the Fourier transform
yields a PSD of

Sa(w) = %(

In Fig 13 we plot this PSD versus frequency. Also indicated
on the graph are the optimal (zero-delay) loop bandwidths for
linewidth-to-symbol-rate ratios of {10~7,107%,107° 1074,
10~3}. As we see, the power spectrum is nearly flat for
frequencies within all bandwidths; the variation of the PSD
over even the largest bandwidth, which corresponds to a beat
linewidth of AvT = 1073, is less than 0.16 dB. A linewidth
this large will not be used in most cases, however. More
likely, the linewidth will satisfy the requirements specified in
Table III, and thus AT will be no larger than about 3 x 1075,

Since the PSD of #(t) is nearly flat for all frequencies of
interest, we can approximate it by its value at zero frequency

Sa(w) ~ S (0) = T/M. 47

Finally, w(t) is defined as Im{7(t)}, and therefore it is also
approximately white, but with half the PSD

sin (wT/2) ) 2. (46)

wT'/2

%M:%&Mz%ﬂM (48)
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from which we conclude that n = 1/2.

APPENDIX B
DERIVATION OF NOISE FACTOR n FOR
FOURTH-POWER LooP

The PSD of the shot noise n(t) in Fig. 4(b) is white
with PSD S, (w) = T/M, while, as stated in Section III-
B3, the additive noise w(t) in Fig. 5 is approximately white
with PSD Sy, (w) = #T/M. In this appendix we justify this
approximation, and specify 7 for the fourth-power loop.

Before proceeding, we must specify the front-end filter. In
[3] an ideal brick-wall low-pass filter is assumed, which is not
very practical. Here, we assume a Gaussian filter

B(w) = e~«"/(27°) (49)
with a normalized bandwidth of ‘
W £ BT/V4r . (50)

It is related to the —3-dB bandwidth f. by the following
relationship: f.T = W,/(log2)/x. In Section V we assume
that W = 3, which corresponds to a —3-dB bandwidth of
about 1.4 times the symbol rate. For now, we assume that the
group delay of this front-end filter is zero, i.e., 74 = 0.

The fourth-power loop is difficult to linearize; we will use
an approach similar to that given in [3]. From (27), the output
of the fourth-power block, z(t), is given by:

3

A

)=t 3 ()
=0

where z(t) is defined by (25) and y(¢) is the filtered noise with
PSD given in (26). We will find the autocorrelation function
R,(7) of z(t) and decompose it into two terms:

R, (T) = Rsignal(T) + Rm(T)1

with the first term corresponding to the “signal” term z* and
the second “noise” term R,,(7) corresponding to all of the
noise and signal-cross-noise terms. The bold assumption we
then make is to decompose z(t):

Q)

(2

2(t) = 2 + m(t) (53)

where we assume the additive noise m(t), which has autocor-
relation function R,,(7), is independent of the signal term z*.
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The best justification for this assumption is found in Section V,
where we see that our analysis, based on this assumption,
accurately predicts the results of our numerical simulations.
If we assume that E[e/™E0-¢(t+)] ~ 1 for m €
{0,1,2,3,4} and all 7, then substituting from (51) yields the
following expression for R () = E[2(t)z(t + 7)"]:

3
Ra(7) = aoga(r) + A(7) ) awd(r) + aup®(r)  (54)
k=1

where ap = (ﬁ)2k!(W/M)'°, where A(7) is the triangular
autocorrelation of the QPSK data signal e/®(®) (assuming
equally likely and independent symbols) [20], A(7) is zero
for |r| > T and A(r) 2 (1 — |7}/T) for |r| < T, where
(W/M)p(r) is the autocorrelation of the filtered shot noise
y(t), and where, from (26) and (49), p(7) is given by

plr) = e TN (55)

All of the terms but the first in (54) make up the “noise”
autocorrelation

3
Ro(r) = A1) Y owp(7) + aup?(r).

k=1

(56)

Since w(t) =
w(t) is Ry, (7)

1Im{m(t)}, the autocorrelation function of
= R,(7)/32, or

3
Ru(r) = AT) 3 ar(W/M)* 0¥ (r) + as(W/M)*p*(r),

k=1
7
where a;, 2 (;)zk!/32.

Sw(w) is the Fourier transform of the autocorrelation func-
tion in (57), and hence is not white. As shown in Fig. 14,
however, Sy, (w) is nearly white for frequencies less than the
loop bandwidth, so we will approximate it by its value at zero
frequency

Su{w) = S, (0) = —AZ—/}n(M, W) (58)
where from (57) we find
WM W) = [ S Ru(r) dr = G WM +3(W/M)°

[l-ze(wver)

- (i)

+ %(W/M) [% [1-20(wvar )]

- ﬁ (1 - e-z«wz)]

)

2
- (- e—wwﬂ)].

(9)
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Fig. 14.  Normalized power spectrum (M/T)S..(w) and its approximation
(M. W) = (M/T)Sw(0) with M = 45.3 and " = 3.

Here, Q(z) is the standard Gaussian error function (equal
to the probability that a zero-mean unit-variance Gaussian
random variable is greater than ). We thus see that the noise
factor for the fourth-power loop is an increasing function of
bandwidth IV and a decreasing function of signal-to-noise ratio
M. Substituting M = 45.3 and W = 3 yields n = 0.552. O
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