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Abstract—In previous work, a technique was proposed for com-
pensation of modal dispersion in multimode fiber (MMF) systems
by using adaptive optics. A spatial light modulator (SLM), with
amplitude and phase adjustable over discrete blocks, was used to
control the field launched into a MMF. The system impulse re-
sponse was found as a function of the SLM settings and the field
patterns of the MMF principal modes, which were assumed to be
known. Using principles of convex optimization, an optimal solu-
tion for the SLM settings was obtained, which minimizes inter-
symbol interference (ISI) subject to physical constraints. Here, we
extend the previous method to include control over launched po-
larization. We propose five adaptive optics configurations, some
permitting control only of overall polarization, and others permit-
ting block-wise polarization control. For each configuration, we
find optimal adaptive optics settings, which minimize ISI. We show
that the best performance is obtained by two configurations that
permit independent block-wise control of amplitude, phase and
polarization.

I. INTRODUCTION

ULTIMODE FIBER (MMF) is widely used for data
M communication in local-area networks. Modal disper-
sion causes intersymbol interference (ISI), which can limit the
achievable bit rate-distance product [1]. Modal dispersion arises
because different modes propagate with different group veloc-
ities. MMF imperfections, such as index inhomogeneity, core
ellipticity and eccentricity, and bends, introduce coupling be-
tween modes. Because of mode coupling, even if a light pulse is
launched into a single mode, it tends to couple to other modes,
leading to a superposition of several pulses at the output of the
MMF.

In high-bit-rate systems, electrical equalization is commonly
used to mitigate ISI caused by modal dispersion [2], [3]. While
electrical equalization can extend the achievable bit rate-dis-
tance product, it is ultimately limited by noise enhancement [4].

It has been shown that even in the presence of mode coupling,
there exists a complete set of orthonormal modes, called prin-
cipal modes (PMs), such that a pulse launched into a PM at the
input of a MMF arrives as a single pulse at the output [5]. The
PM field patterns and their group delays (GDs) depend on mode
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coupling, and may change over time as the mode coupling is al-
tered by temperature changes, mechanical vibrations and other
perturbations of the MMF.

The use of adaptive optics to control modal dispersion
without noise enhancement was proposed in [6]. It was then
demonstrated experimentally in [7] and later in [8]. In this
technique, a spatial light modulator (SLM) is used to control
the electric field launched into the MMF, thereby controlling
the PMs excited, and thus, the MMF impulse response. Opti-
mized compensation of modal dispersion by adaptive optics
was studied in [9], where it was shown that, assuming the PM
field patterns and GDs are known, the optimal SLM settings
can be obtained by solving an equivalent convex optimization
problem, which is a second-order cone program (SOCP) [10],
[9].

Experiments have demonstrated that the intensity impulse re-
sponse of a MMF can depend strongly on launched polarization
[7]. This polarization dependence was explained by the obser-
vation that perturbations in a MMF cause both spatial- and po-
larization-mode coupling, and was modeled numerically in [11].
The optimization method in [9] did not take account of launched
polarization, and hence, cannot obtain optimal performance in
fibers with substantial polarization dependence.

In this paper, we extend the work of [9] to include polar-
ization. We find an expression for the MMF impulse response
valid to first order in frequency [11], [12], which exhibits its
dependence on the PM field patterns and GDs, which are as-
sumed known, and on the amplitude, phase and polarization of
the launched field pattern, which is assumed piecewise-constant
over discrete blocks. We consider five different adaptive optics
configurations, some permitting only control of overall polariza-
tion, and others permitting block-wise polarization control. For
each configuration, we determine an optimal solution. Each con-
figuration poses different constraints and results in a different
optimization problem. These problems are not convex in terms
of all optimization variables. However, using certain methods,
such as alternating optimization [10] and a multi-dimensional
search, we can cast the problem in the format of the convex
SOCP problem previously solved in [9]. We prove that the best
performance is achieved by two configurations permitting inde-
pendent block-wise control of amplitude, phase and polariza-
tion. We compare the performance of the five adaptive optics
configurations with optimized settings through numerical mod-
eling of MMFs with both spatial- and polarization-mode cou-
pling, using the model of [11]. Our numerical results confirm
our theoretical proof of the optimality of block-wise polariza-
tion control.
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Fig. 1.

Adaptive transmission system. A modulated optical signal is passed into an adaptive optical system, whose output is launched into a MMF. At the MMF

output, residual ISI is estimated, and the estimate is passed to an adaptive algorithm that controls the adaptive optical system.

The remainder of this paper is organized as follows. In
Section II, we formulate the problem. Assuming a general
adaptive optics system that can control the launched amplitude,
phase and polarization over discrete blocks, and assuming a
MMF with known input PMs, we derive an expression for the
MMF intensity impulse response. We quantify ISI through
an objective function to be optimized over the variables. In
Section III, we describe five different adaptive optics con-
figurations, and show how to optimize the variables in each
configuration. We provide a general theoretical performance
comparison of the five configurations. In Section IV, we present
numerical simulations comparing their performance on MMFs
with spatial- and polarization-mode coupling. We present
conclusions in Section V.

II. GENERAL OPTIMIZATION PROBLEM

A. Problem Characterization

Fig. 1 shows the adaptive transmission first described in [6],
[8]. At the transmitter, a modulated optical signal is collimated
by a lens and the beam is input to an adaptive optics system,
which comprises some combination of SLMs, fixed or variable
beam splitters, polarization controllers, and other components.
The beam is partitioned into a set of disjoint blocks, and the
adaptive optics system provides block-wise control of its am-
plitude, phase and polarization. The output beam is imaged by
a second lens and launched into a MMF. At the receiver, after
signal detection, the residual ISI is quantified in terms of an ob-
jective function, which may be fed back to the transmitter to aid
in adjustment of the adaptive optics system.

We assume that the collimated beam incident upon the SLM is
polarized along the y axis with field pattern Ag(z,y)7. Assume
that the SLM is partitioned into N disjoint blocks (typically
squares). We define an indicator function for the j th block [9]:

si(z,y) = { 1 (z,y) in the interior of the j th block
I 0 otherwise

ey

Obviously, the {s;(z,y),7 =1,...,N} form an orthogonal
set. The imaging function performed by the second lens is

described by a linear spatial operator L. The field launched into
the MMF can be expressed as:

Z’U,JAO z,y)s(z,y) T

7=1

Alaunched (.CE /y

+ v Ao(z,y)si(z,y) Y 2)

The coefficients u; and v; describe the complex reflectance of
the 7 th SLM block in the = and y polarizations, respectively.
Defining the contribution to the launched field from the j th
block:

kj(‘r7y) = L[A0($7y)sj(x7y)]7 3)
we can rewrite (2) as:
Alaun(‘hed .T y Zu] Z, y 117 +’U_1k'(.’17,y) fy\ . (4)

For a MMF with M modes in each polarization,
there exist 2 M first-order PMs, which have field pat-
terns ®;(z,y) = Bi(z,y)i + ®;,(z,y)y and GDs
iyt = 1,...,2M. Throughout this study, we assume the
PM field patterns and GDs are known. In order to find the
first-order impulse response, we project /Tlaunched(x,y) into
these PMs [12]. The ¢ th PM is excited with amplitude:

i = ffﬁl(lﬁ ’l/) Alaunched (LE./ U)

N
7j=1

(&)

N
szy Z

where the dot product indicates an overlap integral over the cross
section of the fiber and £ is a normalization factor that will be
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found in the next subsection. The first-order impulse response
is:

2M

h(t) = Z|Ni|25(t_7i)~ (6)
=1

The k;(z,y), ®ix(2z,y) and D, (z, y) are defined over the (x, )
plane at the input to the MMF. To simplify our problem, we
sample these functions over the (z,y) plane and express the
samples as L x 1 vectors! k;, ®;,, ®;,. We define the vectors:

Ko, lefb,L-y
a; = : b = : ; @)
kﬁ‘I’ix ] kf\,lfbiy
and also the vectors:
uy U1
u = LU= (8)
Uun 4 UN

The impulse response can be expressed as:

2M
ht) =3 lel?

=1

aflu + bf{v|2 o(t — 1)

; €))

where the superscript ¥ denotes Hermitian conjugate. Ex-
panding the square term in (9), we can express the impulse
response as (10), shown at the bottom of the page.

Following [8], [9], we assume that the transmitted signal is
modulated by on-off keying with bit interval 7" and bit rate
1/T. Assume that an isolated 1 bit is transmitted, described by
an input intensity waveform p(¢), and assume the receiver im-
pulse response is 7(t). The receiver output waveform is g(t) =
p(t) * h(t) % r(t), which is the continuous-time system impulse
response. Assume the receiver output is sampled with a timing
offset ¢g. The effect of ISI on receiver performance is char-
acterized fully by the discrete-time system impulse response
g(nT;to) = g(t)|t=nT,n = ---,—1,0,1,.... We define an
objective function quantifying ISI [13]:

F=9(05t0) = Y g(nTsto). (11)
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f is the “eye opening”, with f < 0 when the eye is closed,
and f > 0 when the eye is open. At high signal-to-noise ratio,
the bit-error ratio depends on g(nT’;ty) only through f [13].
Defining ¢(t) = p(t) * r(t), we can write f as:

r=tu oy,

where (13), shown at the bottom of the page.Q) is a 2N X 2N
Hermitian matrix, and, therefore, has N real eigenvalues. The
problem we intend to solve is:

(12)

maximize [u® vH]Q [:}L} (14)

subject to constraints imposed by the system configuration.

B. Problem Normalization
For convenience, we will normalize the problem so that
when there is no loss in the adaptive optical system, the power
launched into the MMF is unity. The total launched power is the
time integral of the impulse response (6), which corresponds to
the sum of the powers carried by the individual PMs:
2M

Slaunched = Z |,LL1'|2.
i=1

, we can rewrite (15) as:

15)

Expanding |p;|?

2M 2N
Slaunched = |£|2 [UH <Z aiafr) u + uH (Z azsz) v

i=1 i=1

2M 2M
+of <Z biaf{> u+ovf <Z bibf{> v] . (16)
i=1 i=1

Using the properties of PMs, (16) can be simplified. We define
the 2 L X 2M matrix of PMs as:

(P:[q)lz

Donra
. 17
By, } (17

Donry

As mentioned above, ®;, and ®;, are L x 1 vectors of samples
of the PM field components ®;,(z,y) and ®;,(z,y). Let H
be a L x 2M matrix of the samples of the ideal modes of the
MME, i.e., the eigenmodes in the absence of mode coupling.
For example, if the MMF has a parabolic index profile, these are

n#0 Hermite-Gaussian modes. We can express the PMs by writing:
IThese functions are sampled over a two-dimensional grid. The number of d.. = HP,
samples should be sufficient to capture the spatial variations of the highest-order v v
mode that can propagate. The samples are rearranged into L X 1 column vectors. (I),L»y =HP iys (18)
2M 2 H 2M |12 H
h(t) = [uH ’UH] . {Eéﬁ% €[Faia; 6(t — ;) ;]ffl €[ aibi" 6(t — 1) :| ) |:U} (10)
2 H 2 H .
Zi:l 1€|°bia;” 6(t — 7) Zi=M+1 [£]170:b;7 0(t — 75) v
2M 2M
Q= |£|2 Ziﬂ a;af q(to — ;) Z](fl a;bf'q(to — i) ]
= 2M 2M
Yoimy biaf q(to — ) imarg bibfq(to — )
2M 2M
e I D e B A S T IE)
n£0 Zi:l biaiHQ(tO +nT — T’i) Zi:/]\/j_H bibe(tO +nT — Ti)
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where P;, and P, are 2M x 1 vectors of PMs represented in the
basis of the ideal modes. The orthonormality of the PMs dictates
that Y70 P PH = 1,52 Py PH = 1,57 P, PH = 0.

Hence:

pPEHH P{;HH
dpH — HPy, HPapre ) .
HPy, HPopry : :
PZI-{UJCHH PQI-]IMyHH
can be written as:
g |HHE 0
PP" = [ 0 e | (19)
Using (7) and (19) we find:
oM oM ki’ @,
> aibf =>" : [k k] =0
i=1 i=1 kﬁq’iz
2M
> biafl = (20)
=1
and, similarly:
2M 2M
S walf = ot
i=1 i=1
KEHH KEHH" kN
kX HHky KXHHH Ky
— KFPHHPK, (21)
where K = [k kn]isa L x N matrix. Using (20) and

(21), we can write (16) as

Slaunchod:| | ( HKHHHHKU+UHKHHHHKU)
= [P (1T Kul® + [|[HT Kol|). (22)

For a lossless adaptive optics system we would like to have
Slaunched = 1. In order to find the normalization constant &, we
can consider setting the adaptive optics system so that the light
is launched into the MMF in one polarization, say = (meaning
that v = 0), and with the SLMs set to unit reflectivity (meaning
that u = 1yx1, where 1yx1 = [1 1]%). We find that
the normalization constant must have magnitude

€l = |H¥ K1n |7 (23)

III. OPTIMAL SOLUTIONS FOR PROPOSED CONFIGURATIONS

Here we propose five different configurations for the adap-
tive optical system, and for each case we show how to obtain
the optimal solution by transforming the problem into a previ-
ously solved problem called spatial light modulator optimiza-
tion (SLMO), which was solved in [9].
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A. One Amplitude/Phase SLM and Uniform Polarization
Controller

Fig. 2(a) shows configuration A, which employs a SLM pro-
viding independent, block-wise control of amplitude and phase,
followed by a polarization controller, which uniformly trans-
forms the reflected light from a y-polarization to an arbitrary
elliptical state. In this case:

uw| |y

v |’
where 4 is a complex vector of SLM block reflectances, and ~,
and ~y, are complex variables representing the elliptical polar-

ization, with the constraint |7, |* + |v,|?> = 1. Hence, the opti-
mization problem is:

(24)

maximize fq = ['Y;kﬁH 7;19}[]@ {’hﬁ}
YU

0: <1

|’7:r|2 + |’7y|2 =

subject to
(25)

This problem is not convex in terms of the three variables
(Y2, 7y, ), but a solution can be found using an alternating opti-
mization method [10]. By fixing ¥, the problem becomes convex
in terms of (7.,~,), and by fixing (7.,,), the problem be-
comes convex in terms of 1J. By alternately performing these
optimizations, the optimal solution is found. Consider Q =
[ Ql

Qy

Fixing the polarization, the optimization problem is:

82 ], where each of the submatrices is a N x N matrix.
3

IIlaXiIIliZe fA|'Yx:'Yy constant
= 9" (11?Q1 + 7;7.Q%
121w Q2 + |’Yy|2Q3) v
subject to |9 <1  Vi=1,...,N. (26)
Using arguments similar to those in [9], one can show that
since the SLM cannot control polarization, the matrix inside
the parentheses has exactly one positive eigenvalue and N — 1
non-positive eigenvalues. Hence, this problem is a SLMO
problem, for which the exact solution is known [9].

Fixing ¥, the problem becomes:

Y
vel” + 7> = 1, 27)

maximize  faloconstant == [y g [Ja |:1$:|

subject to

where J4 is a 2 X 2 Jones matrix, given by:

T = Q19 97 Q0
A= 07QEY 9TQs |
Performing an eigenvalue decomposition J4, = VAV where
A= [/\Igin \ ], the optimal polarization can be found as
opt 0 max
[Tl = VI, 1

Ty
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Fig. 2. Adaptive optical system configurations. (a) Configuration A comprises
one SLM providing block-wise control of amplitude and phase, and a polariza-
tion controller to control the overall polarization. (b) Configuration B comprises
one SLM providing block-wise control of amplitude, phase and polarization.
(c) Configuration C comprises two SLMs providing block-wise control of am-
plitude and phase in the = and y polarizations, respectively. A uniform fixed
beam splitter allocates equal amplitudes to the 2 and y polarizations. (d) Con-
figuration D is the same as configuration C, except that a uniform variable beam
splitter allocates variable amplitudes to the x and ¥y polarizations. (e) Config-
uration E is the same as configuration C, except that a variable beam splitter
provides block-wise amplitude allocation to the 2 and y polarizations.
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B. One Amplitude/Phase/Polarization SLM

Fig. 2(b) shows configuration B, which employs a SLM
that can provide independent, block-wise control of amplitude,
phase and polarization. In this case:

=1

where ¥, and 1, are complex vectors of SLM block re-
flectances for the x and y polarizations, with the constraint
|9.i* + |94i|* < 1,i = 1,..., N. The optimization problem
is:

(28)

maximize fg = [ﬁf 1921;{] Q |:’l;r:|
y

subject to  [0|? + [0, <1 Vi=1,...,N. (29)

In order to proceed, for definiteness, we assume the adaptive
optics system can open the eye using only one of the two avail-
able polarizations (either = or y). In other words, it can open the
eye even when a linear polarizer, oriented along z or y, is placed
at its output. Hence, the matrix () has two positive eigenvalues

and N — 2 non-positive eigenvalues. Therefore, we can write ()
as:

Q = P1of! + hoptl — WU

where 19,101 €N XL and U3 € ¢N*N=2 and where U ); =
0 for i = 1,2 and 1) = 0. Defining ¥ = [ZT], we can
y

rewrite (29) as:

(30)

maximize fp = [VH0 + [pHo? — |wH )2
subject to  [9pi|* 4+ [9yi> <1 Vi=1,...,N. (31)

Because of the two positive terms in the objective function,
this problem cannot be cast as a SLMO problem with conical
constraint.2 However, by fixing one of the terms, e.g., |¢§I 19|2,
the problem becomes a SLMO. In this case, by performing a
two-dimensional search over possible values of the complex
variable )11, we can find the optimal solution. Hence, (31) can
be rewritten as:

search over dVd €
maximize |1/)f119|2 — ||\Il§{19||2
subject to  |94i|* + [y < 1Vi=1,..., N,
Re (¢579) = Re(d)
Im (y4'9) = Im(d)
repeat (32)

where d is a complex variable whose magnitude varies from zero
to a maximum, which can be found from:

maximize |d|? = 9T hoepdl o

subject to  [0ai|? + [0,:)2 <1Vi=1,...,N. (33)

2]t is also possible that both the & and y polarizations are required to open the
eye. In this case, the matrix (Q has one positive eigenvalue and N — 1 non-pos-
itive eigenvalues. The objective function fz can be optimized using a method
similar to the SLMO described in [9].
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C. Two Amplitude/Phase SLMs With Equal Amplitude
Allocation Between Polarizations

The remaining three configurations use two SLMs, SLMy
and SLMy,, which provide block-wise control of amplitude and
phase in the x and y polarizations, respectively. The configu-
rations differ in the way that amplitude is allocated between
the two polarizations. Each of the three configurations uses a
half-wave plate to transform y -polarized light to x-polarized
light. Depending on implementation, the half-wave plate may
be placed before or after SLM (Figs. 2(c)—(e) are drawn as-
suming the former).

Fig. 2(c) shows configuration C, which uses a uniform, fixed
beam splitter to allocate equal amplitudes to the = and y polar-
izations in each block. We can write:

)=l
v V2 19y ]
where ¥ and ¥, are complex vectors of block reflectances

for SLM , and SLM,,, respectively. The resulting optimization
problem is:

(34)

1
maximize fo = [9F 9] EQ [Zz}
y

[0.i> <1Vi=1,...,N
|9,:2 <1Vi=1,...,N.

subject to
(35)

As in the case of configuration B, for definiteness, we as-
sume the adaptive optics system can open the eye using only
one of the two available polarizations. Hence, ) has two posi-
tive eigenvalues and N — 2 non-positive eigenvalues. The solu-
tion of this problem is the same as that of (29), but with slightly
different constraints. Assuming the vector of reflectances for the

two SLMs is ) = [:Z‘E ], the optimization is:
Yy

search over

d Vde¢

.. 1 H a2 1 H 2
maximize |1/)1 19| ~3 “\1’3 19”
|9°<1 Vi=1,...,N,
Re(y¥9) = Re(d)
In(y#9) = n(d)

subject to
repeat (36)

where the maximum value for magnitude of d is found from:

|d|* = 9 apyepll
|9;> < 1Vi=1,...,N,

maximize

subject to 37

which can be solved easily as: |dmax|? = Amax(V200).

D. Two Amplitude/Phase SLMs With Adaptive Uniform
Amplitude Allocation Between Polarizations

Fig. 2(d) shows configuration D, which uses a uniform, vari-
able beam splitter to allocate amplitude ratios /¢ and /1 — €
to the x and y polarizations, respectively. In this case:

Veda ]

MRV o
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and the optimization problem is:

maximize fp = [\/&95 mﬂf]@ {\/1\/519;19 }

9> <1 Vi=1,...,N
|19yi|2 <L

subject to
(39)

Similar to configuration A, this problem is non-convex in
terms of (¥,,v,,¢), but can be cast as a SLMO by using an
alternating optimization. By fixing ¢, the problem becomes:

. 9
maximize fp|econstant = [95 OIF U [19”3}
Yy

[0.> <1Vi=1,...,N
[9yi* <1,

subject to
(40)

where

U= [\/g\/iQTngg \/(51\/_1;3?2} 7

which can be written as U = RQR, where R is a diagonal
matrix with elements:

n.o Ve i=1,...,N
“TlV1—¢ i=N+1,...,2N

Theorem 3.1: For a Hermitian matrix @ € ON*YN with p
positive eigenvalues and N — p non-positive eigenvalues, and
a diagonal positive-definite matrix R, the total number of posi-
tive and non-positive eigenvalues for RQRH arepand N — p,
respectively.

Proof: This is a special case of the Sylvester Law of Inertia
[14]. The theory indicates that for a nonsingular matrix X and
a symmetric matrix Z, Z and X ZX have the same inertia.
The inertia of a symmetric matrix Z is defined as the triplet of
integers (m, z,p) with m, z, p being the number of negative,
zero and positive eigenvalues of Z. A proof is given in [14],
which can be extended easily to Hermitian matrices. [ |

Hence, U has two positive eigenvalues and N —2 non-positive
eigenvalues. Therefore, (40) can be solved in the same way as
(35).

As for ﬁx\i}lg ¥ and finding the optimal e, one should no-

: e . . .
tice that [ ~— 5] is real and positive. A real solution can be

1
achieved by observing that the objective function fp is always

real, so we can write objective function in (39) as:

— H /4 H \/51992
/o =Re ([\/519]; 1—ed, KQ[E@J) . (4D
We can define the symmetric Jones matrix .Jp € R2*2:
010, 07 Q29 D
Jp =Re BAHa  oHo o |- (42)
P <[z9§f Q9. 97 Qs9,
Fixing ¥, the problem of finding the optimal ¢ becomes:
maximize fD|19constant = PTJDP
subject to norm (p) <1
p>0, (43)

where p = [\/i/ng] e R+
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In order to find a solution for (43) we present two lemmas.
Lemma 3.1: Jpo1 = Jpi2 = Re(ﬂngﬁy) > 0 for a vector
[ 9, “], which is a solution to (40).
Proof: We prove by counterexample. Extending (40), we
can write:

fD|5(‘,0nstant = ERe(ﬂleﬂT) + (1 - E::)]-_{6(195[@3793;)

+2/eV/1 — eRe(97Q19,). (44)

Suppose that after maximizing fp|-constant OVer [g ], we find

Re(WH Q19,) < 0. Now we can choose —1J,, as a new vector of

reflectances for SLM,. Examining (44), we see that this would

increase the objective function fp|cconstant, Which is supposed

to be maximized. Hence, we should have Re(9ZQ11,) > 0. m
Lemma 3.2: For a solution 8 € R2 to:

w|19constant = ,BTJD,H
subject to norm (5) < 1.

we have 3182 > 0.
Proof: Following reasoning similar to the proof of Lemma
3.1 and observing that Jps; = Jpi12 > 0, we conclude that in
order to maximize w|gconstant, We should have 5102 > 0. m
A solution to (43) can be found by solving (45) and then
letting p°P* = |3°P*|. This is because as 3132 > 0, taking the
absolute value would not change w|yconstant, and the resulting
p°P still satisfies norm(p°P?t) < 1, which means that p°Pt is
also a solution to (45). Now since (45) is a less constrained
version of (43), we should have w*|gconstant=> f}5|oconstant-
p°P* satisfies all of the constraints in (43) and at the same time
causes fploconstant tO assume its maximum possible value
W*|gconstant- Hence, p°P* is the solution to (43). The solution
to (45) can be easily found by eigenvalue decomposition of Jp.

maximize

(45)

E. Two Amplitude/Phase SLMs With Adaptive Block-Wise
Amplitude Allocation Between Polarizations

Fig. 2(e) shows configuration E, which uses a variable beam
splitter to vary the amplitude allocation between = and y polar-
izations independently in each block. Assuming x., x, € RN *1
are vectors of the amplitude ratios allocated to = and y polariza-

tions, with the condition x2; + x7; < 1,4 = 1,..., N, and
defining a diagonal matrix W, where
o Xz izl,...,N
Wii = {Xm’ i=N+1,...,2N"’
we can write:
u V.
=] “

We assume the beam splitter is lossy, so that we can cast the
constraint in a convex format. The optimization problem can be
written as:

maximize fg = [195 ?95[]WQW |:ZT:|
Yy
subject to  x%; +X§i <1 Ve=1,...,N
[92il” <1

|9ys]* < 1. (47)
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At first glance, it may seem that the solution to (47) would
require alternately optimizing the beam splitter and SLM re-
flectances. However, one can show that configurations E and B
represent different implementations of the same adaptive optics
system. Therefore, in performing the optimization, we can si-
multaneously adjust corresponding blocks in the two SLMs and
in the variable beam splitter. In order to show this, assume that
there exists a solution for configuration B, which is denoted as

[ B] By choosing:

y

all conditions in (47) are satisfied, so we can conclude that
fe > fB. Now we assume a solution for configuration E, de-

?
noted as [i‘,’i; ] and | o % ]. We can construct a new solution for

conﬁguratlon B, described in the ith block by 92 = xEE
and 19,B XyzﬁE Since that solution satisfies the conditions in
(47), we can conclude that (xEZ9E)? + (Xylﬂf,) < 1, which
is actually the necessary condition for optimizing configuration
B (see (29)). Hence, fg < fp. Therefore, we can conclude that
configurations B and E yield the same optimal solution, and only
implementation considerations would favor one configuration

or the other.

FE. Performance Comparison of the Configurations

In this subsection, we prove some inequalities for the perfor-
mance of the five configurations.
1) fp > fc. Configuration C is the same as D when ¢ = %,
but by optimizing over €, we can improve the performance
for configuration D.
2) fg > fp. For ev\e/ry sDolution for configuration D of the

U 9,
form [ ] = [ V¢ 19D] satisfying the constraints in
(39), we can say that |\/_19D|2+|\/ e?D]? < 1.Hence,
the vector [v] satisfies the constraint in (29). This means

that it can be a solution for configuration B, yet by maxi-
mizing the objective function in (29) it is possible to attain
a better solution. Therefore, fg > fp.
3) fe = fB- The proof has been provided in Subsection E.
4) fp > fa. Consider a sglution for configuration A

of the form [:] = [%3‘4], satisfying the condition

= 1. We can choose [\/\/_—] = |[%]|

|'7m|2 + |'7y|2

and by choosing the SLM reflectances as | Q9D] =

exp(j 4. )94
[eXp(JM yoi
conditions in (39). Hence, configuration D can perform
better than configuration A.

5) In general, the theory does not indicate whether config-
uration A is better than configuration C or vice versa.
To demonstrate this, consider configuration D, which
performs better than both A and C. Suppose we have

], we obtain a solution that satisfies all the



SHEMIRANI AND KAHN: COMPENSATION OF MULTIMODE FIBER DISPERSION

Q=1
each with one positive and N — 1 negative elements. In
this case, the matrix @) is diagonal with two positive and
N — 2 non-positive eigenvalues. The optimal solution for
D is obtained by solving:

0 . .
], where ()1 and Q3 are diagonal matrices,
3

e (92)" Q9P + (1 — &) (92)" Qg0?

maximize
subject to |19£i 2
<1Wi=1,....,N
il <1
0<e<. (48)

Assume that in configuration D, the adaptive optics system
can open the eye using only one of the two available po-
larizations (either x or y). Hence, we should have n =
(W2VHQ192 > 0 and ¢ = (W2)HQ309) > 0. Solving
for e, we find that the objective function is maximized if
e=1forn > ¢
{5 =0forn < ¢
to the polarization that can yield the more open eye. Sup-
pose we have n < ¢, and hence, we should choose ¢ = 0.
Configuration A can achieve this solution by polarizing the
light along y, but configuration C will waste energy by un-
necessarily allocating half the energy to the x polarization.
Hence, configuration C would perform worse than config-
uration A.
Now to prove that configuration A is not always better than
configuration C, suppose for a different (), the optimal so-
lution for configuration D is ¢ = 0.5 and 92 # 195 .
These settings can be achieved by configuration C, which
employs equal amplitude allocation and two SLMs. But
configuration A cannot generally achieve these settings,
as it employs just one SLM, and hence we cannot always
achieve a solution of the form 94 = 92 94 = 195 .
Therefore, the general theory does not indicate which of
configurations A or C would perform better.

., 1.e., all available energy should be sent

IV. NUMERICAL RESULTS

A. Fiber and System Parameters

In order to model propagation in MMF, including both spa-
tial- and polarization-mode coupling, we use the approach de-
scribed in detail in [11], [12]. A MMF is modeled by concate-
nating many curved sections, each section lying in a plane, with
the plane of one section rotated with respect to the previous
section.

We model a 50-pym-core graded-index silica MMF of total
length L = 1000 m. The fiber has a numerical aperture NA =
0.19. At the wavelength A = 1550 nm, there are 55 propagating
modes in each polarization and the refractive index at the center
of the core is ng = 1.444. In order to best reproduce the exper-
imental results in [8], the refractive index exponent is chosen to
be o = 2.17. Birefringence, defined as the difference between
refractive indexes seen by z- and y -polarized waves, is assumed
to be induced by stress due to curvature [15]:

Ny —ny = 6——(ar)?,

T (49)
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TABLE I
OBJECTIVE FUNCTIONS OBTAINED USING CONFIGURATION A WITH BLANK
SLM AND THREE DIFFERENT POLARIZATIONS FOR A 1-KM, 50-1tM-CORE
GRADED-INDEX MMF IN LOW- AND MEDIUM-COUPLING REGIMES

Objective function
. . Random Best Worst
Fiber regime o R o
polarization polarization polarization
Low-coupling 0.1775 0.2599 —0.2666
Medium-coupling —-0.1857 —0.0904 -0.3937
TABLE II

OBJECTIVE FUNCTIONS OBTAINED AFTER OPTIMIZATION USING FIVE
DIFFERENT ADAPTIVE OPTICS CONFIGURATIONS FOR A 1-KM, 50- ;¢M-CORE
GRADED-INDEX MMF IN LOW- AND MEDIUM-COUPLING REGIMES

Objective function
Fiber regime Config. | Config. | Config. | Config. | Config.
A B C D E
Low-coupling 0.5208 0.8514 0.6803 | 0.7373 0.8514
Medium-coupling | 0.4185 0.7968 0.6741 | 0.6791 0.7968

where x is the curvature of a fiber section, and Cs/ko is
referred to as the strain-optical coefficient. For a SMEF,
Cs/ko = 0.0878n3 [15], and the birefringence scale factor
should be set to § = 1. In MMEF, birefringence and spatial-mode
coupling do not necessarily have the same physical origins.
In our model, both effects are induced by curvature; hence, in
order to yield sufficient polarization-dependent spatial-mode
coupling, the birefringence scale factor is set to § = 2100. The
fiber is divided into 10* sections, each 0.1 m long. Each section
is rotated with respect to the previous one by an independent,
identically distributed (i.i.d.) angle #, whose probability density
function (pdf) is normal with variance ag = 0.36 rad 2. The cur-
vature of each section is an i.i.d. random variable «, whose pdf
is the positive side of a normal pdf. Simulations are performed
for a fiber in low-coupling regime with a curvature standard
deviation of ¢, = 2.53 m~!, and a fiber in medium-coupling
regime with a curvature standard deviation of o, = 4.62
m~ L. Here, the curvature standard deviation in both regimes is
higher than the value employed in previous studies [11], [12],
which considered a refractive index exponent o = 2.00. Here,
the higher exponent &« = 2.17 tends to reduce spatial-mode
coupling, so higher curvature is required to produce enough ISI
to close the eye completely before optimization. The first-order
model described in [11] is used to calculate the first-order PMs
and their GDs.

We model an adaptive transmission system, as shown in
Fig. 1, choosing parameters corresponding to previous experi-
mental studies [8]. On-off keying is performed at a bit rate of
10 Gb/s. In the absence of ISI, an isolated 1 bit is described by
a pulse shape ¢(t), which is modeled by a Gaussian pulse with
full-width at half-maximum of 60 ps. The modulator output
is conveyed in a SMF with numerical aperture NA = 0.11,
whose output is collimated by a lens of 10.4-mm focal length,
and is input to the adaptive optics system. The output of the
adaptive optics system is imaged onto the MMF by a lens of
10.4-mm focal length. Thus, the beam launched into the MMF
has a numerical aperture NA = 0.11 (enclosing 95% of the
total power), assuming the adaptive optics system is set to unit
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Optimized input polarization
S5/S,
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0
-0.5 0 0.5 -0.5 0 0.5

Fig. 3. Configuration A: initial and optimized polarizations, optimized SLM
amplitude and phase, initial and optimized impulse responses and eye diagrams
for a 1-km, 50- pzm-core graded-index MMF in medium-coupling regime.

reflectivity in all blocks. Within the adaptive optics system,
the SLM(s) are operated with an 8 x 8 array of square blocks
covering 95% of the beam’s total power. Although the SLM in
[8] provided phase control only, here, the SLM(s) are assumed
to control amplitude and phase (and polarization, the case of
configuration B). A phase-only SLM can control amplitude and
phase if high-spatial-frequency patterns, such as a checkerboard
pattern of antiphased pixels within each block, are introduced
to diffract light away from the core of the MMF [9].

Optimal solutions are computed numerically using CVX, a
freely distributed convex optimization library for MATLAB
[16].

B. Simulation Results

Table I presents objective function values obtained for fibers
in the low- and medium-coupling regimes, using configuration
A with a blank SLM, optimizing polarization only. Three polar-
izations are considered: a random polarization, the best polariza-
tion (which maximizes the objective function) and the worst po-
larization (which minimizes the objective function). In the fiber
with low coupling, optimizing the polarization alone can open
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Fig.4. Configuration B: optimized amplitudes and phases for two polarizations
on SLM, initial and optimized impulse responses and eye diagrams for a 1-km,
50-pm-core graded-index MMF in medium-coupling regime.

the eye, but in the fiber with medium coupling, optimizing po-
larization alone is not sufficient to open the eye. These results
illustrate the importance of optimizing both spatial and polar-
ization degrees of freedom.

Table II presents objective function values obtained for fibers
in the low- and medium-coupling regimes, for the five adap-
tive optics configurations, after optimization by the methods
described in Sections III.A-E. In each fiber, optimized objec-
tive function values are positive, indicating that the eye is open.
Objective function values are consistent with the comparisons
made in Section IIL.F. In particular, configuration A yields the
worst performance, configurations C and D yield intermediate
performance, and configurations B and E (whose optimal solu-
tions are equivalent) yield the best performance.

In what follows, we present results only for the fiber in the
medium-coupling regime.

Fig. 3 considers configuration A, which uses a single SLM
providing block-wise control of amplitude and phase and a con-
troller of overall polarization. The figure shows initial and op-
timized polarizations (on the Poincaré sphere), optimized SLM
amplitude and phase, initial and optimized impulse responses
and initial and optimized eye diagrams. Note that the optimized
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Fig. 5. Configuration C: fixed uniform amplitudes allocated to two SLMs, op-
timized amplitudes and phases on two SLMs, initial and optimized impulse
responses and eye diagrams for a 1-km, 50- pm-core graded-index MMF in
medium-coupling regime, o, = 4.62 m~"'.

SLM amplitudes are unity in most, but not all, blocks, indicating
that the SLM must discard some signal energy.

Fig. 4 considers configuration B, which uses a single SLM
providing block-wise control of amplitude, phase and polariza-
tion. The figure shows optimized amplitudes and phases for the
two polarizations on the SLM, initial and optimized impulse re-
sponses and initial and optimized eye diagrams. Note that in
each SLM block, the squares of the optimized amplitudes sum
to unity, indicating that the SLM does not discard any signal en-
ergy. Obviously, the eye diagram is cleaner and more open than
for configuration A.

Figs. 5-7 consider configurations C-E, which employ two
SLMs, SLMy and SLMy, which provide block-wise control of
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Fig. 6. Configuration D: optimized uniform amplitudes allocated to two SLMs,
optimized amplitudes and phases on two SLMs, initial and optimized impulse
responses and eye diagrams for a 1-km, 50- pm-core graded-index MMF in
medium-coupling regime.

amplitude and phase in the x and y polarizations, respectively.
The three configurations differ in terms of how signal ampli-
tude is allocated between the two SLMs. All three figures show
the amplitudes allocated to the two SLMs, optimized amplitudes
and phases on the two SLMs, initial and optimized impulse re-
sponses and initial and optimized eye diagrams.

Fig. 5 considers configuration C, which uses a uniform, fixed
beam splitter to allocate equal amplitudes of = to the two
SLMs. In each block, the squares of the amplitudes reflected
from the two SLMs3 do not sum to unity, indicating that some

3The amplitude reflected from an SLM in a given block is the product of the
amplitude allocated by the beam splitter and the amplitude setting of the SLM
block.
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Fig. 7. Configuration E: optimized amplitudes allocated block-wise to two
SLMs, optimized amplitudes and phases on two SLMs, initial and optimized
impulse responses and eye diagrams for a 1-km, 50-pm-core graded-index
MMF in medium-coupling regime.

signal energy is discarded by this suboptimal adaptive optics
configuration.

Fig. 6 considers configuration D, which uses a uniform, vari-
able beam splitter to allocate amplitudes to the two SLMs. In this

example, the optimized amplitude allocations are | \/\/_L] =

1—¢

[ggzg; ]. In each block, the squares of the amplitudes reflected
from the two SLMs? still do not sum to unity, but they are gen-
erally higher than for configuration C, and yield slightly better
performance than configuration C. Comparing Figs. 6 to 3, we
find that for this particular fiber, configuration D performs better
than configuration A, although we showed in Section IILF that
this need not be true in general.

Fig. 7 considers configuration E, which uses a variable beam
splitter to provide block-wise amplitude allocation to the two
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SLMs. In each block, amplitudes and phases reflected from the
two SLMs are identical to those in configuration B, the squares
of the amplitudes reflected from the two SLMs do sum to unity,
as in configuration B. The optimized impulse response and eye
diagram for configuration E are identical to those obtained using
configuration B, and are the best among the five configurations
studied.

V. CONCLUSION

We have considered polarization as an additional degree of
freedom in compensating modal dispersion in MMF systems by
using transmitter-based adaptive optics. We have proposed five
adaptive optical system configurations, each providing some
control of the amplitude, phase and polarization of the launched
signal over discrete blocks. We have studied how to optimize
these variables, assuming a priori knowledge of the fiber’s PMs
and their GDs. We have shown that for each configuration, opti-
mization of the variables is non-convex. We have used an alter-
nating optimization method and, in some cases, a multi-dimen-
sional search, to convert these problems to a SOCP, which was
solved with low computational complexity in previous work. We
have performed simulations to evaluate the performance of the
five configurations with typical MMFs, showing that all five can
mitigate ISI and open an otherwise closed eye, and all five yield
better performance than previous methods that did not control
polarization. We have found that, among the five configurations
studied, the best performance is obtained by two configurations
that permit independent block-wise control of amplitude, phase
and polarization.

Future work will address development and experimental eval-
uation of algorithms for adaptively optimizing the adaptive op-
tics system for a MMF whose PMs are not known a priori.

REFERENCES

[1]1 G. P. Agrawal, Fiber-Optic Communications Systems, 3rd ed. New
York: Wiley, 2002.

[2] X. Zhao and F. S. Choa, “Demonstration of 10-Gb/s transmissions
over 1.5-km-long multimode fiber using equalization techniques,”
IEEE Photon. Technol. Lett., vol. 14, no. 8, pp. 1187-1189, Aug. 2002.

[3] H. Wu, J. A. Tierno, P. Pepeljugoski, J. Schaub, S. Gowda, J. A. Kash,
and A. Hajimiri, “Integrated transversal equalizers in high-speed
fiber-optic systems,” IEEE J. Solid-State Circuits, vol. 38, no. 12, pp.
2131-2137, Dec. 2003.

[4] J. Proakis, Digital Communications, 4th ed. New York: McGraw-
Hill, 2001.

[5] S. Fan and J. M. Kahn, “Principal modes in multi-mode waveguides,”
Opt. Lett., vol. 30, no. 2, pp. 135-137, Jan. 2005.

[6] E. Alon, V. Stojanovic, J. M. Kahn, S. P. Boyd, and M. A. Horowitz,
“Equalization of modal dispersion in multimode fiber using spatial
light modulators,” in Proc. IEEE Global Telecommun. Conf., Dallas,
TX, Nov. 29-Dec. 3 2004, pp. 1023-1029.

[7]1 X. Shen, J. M. Kahn, and M. A. Horowitz, “Compensation for multi-
mode fiber dispersion by adaptive optics,” Opt. Lett., vol. 30, no. 22,
pp. 2985-2987, Nov. 2005.

[8] P. L. Neo, J. P. Freeman, and T. D. Wilkinson, “Modal control of a 50
pm core diameter multimode fiber using a spatial light modulator,” in
Proc. OFC/NFOEC, Anaheim, CA, Mar. 25-29, 2007, pp. 1-3.

[9] R. A. Panicker, J. M. Kahn, and S. P. Boyd, “Compensation of multi-
mode fiber dispersion using adaptive optics via convex optimization,”
J. Lightw. Technol., vol. 26, no. 10, pp. 1295-1305, May 2008.

[10] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge,
U.K.: Cambridge Univ. Press, 2004.

[11] M. B. Shemirani, W. Mao, R. A. Panicker, and J. M. Kahn, “Prin-
cipal modes in graded-index multimode fiber in presence of spatial-
and polarization-mode coupling,” J. Lightw. Technol., vol. 27, no. 10,
pp. 1248-1261, May 2009.



SHEMIRANI AND KAHN: COMPENSATION OF MULTIMODE FIBER DISPERSION

[12] M. B. Shemirani and J. M. Kahn, “Higher-order modal dispersion in
graded-index multimode fiber,” J. Lightw. Technol., vol. 27, no. 23, pp.
5461-5468, Dec. 1, 2009.

[13] J. M. Kahn, W. J. Krause, and J. B. Carruthers, “Experimental char-
acterization of non-directed indoor infrared channels,” IEEE Trans.
Commun., vol. 43, no. 4, pp. 1613-1623, Apr. 1995.

[14] G. H. Golub and C. F. Van Loan, Matrix Computations.
MBD: John Hopkins Univ. Press, 1983.

[15] S. C. Rashleigh, “Origins and control of polarization effects in single-
mode fibers,” J. Lightw. Technol., vol. LT-1, no. 2, pp. 312-331, Jun.
1983.

[16] M. Grant, S. Boyd, and Y. Ye, CVX: Matlab Software for Disci-
plined Convex Programming [Online]. Available: http://www.stan-
ford.edu/~boyd/cvx [Online]. Available:

Baltimore,

Mahdieh B. Shemirani received the B.Sc. degree in electrical engineering from
Sharif University of Technology, Tehran, Iran, in 2004, and the M.Sc. and Ph.D.
degrees in electrical engineering from Stanford University, Stanford, CA, in
2006 and 2010 respectively. She joined Intel in March 2010 where she is cur-
rently working as a software engineer in computational lithography.

2095

Joseph M. Kahn received the A.B., M.A_, and Ph.D. degrees in physics from
U.C. Berkeley in 1981, 1983 and 1986, respectively. From 1987-1990, he was
at AT&T Bell Laboratories, Crawford Hill Laboratory, in Holmdel, NJ. He
demonstrated multi-Gb/s coherent optical fiber transmission systems, setting
world records for receiver sensitivity. From 1990-2003, he was on the faculty
of the Department of Electrical Engineering and Computer Sciences at U.C.
Berkeley, performing research on optical and wireless communications. Since
2003, he has been a Professor of Electrical Engineering at Stanford University.
His current research interests include single- and multi-mode optical fiber
communications, free-space optical communications, and MEMS for optical
communications. Professor Kahn received the National Science Foundation
Presidential Young Investigator Award in 1991. He is a Fellow of the IEEE.
From 1993-2000, he served as a Technical Editor of IEEE Personal Commu-
nications Magazine. In 2000, he helped found StratalLight Communications,
where he served as Chief Scientist from 2000-2003.



