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BER Performance of Turbo-Coded PPM CDMA
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Abstract—We obtain upper bounds on the bit error rate (BER)
for turbo-coded optical code-division multiple-access (CDMA) sys-
tems using pulse position modulation (PPM). We use transfer func-
tion bounding techniques to obtain these bounds, so our results
correspond to the average bound over all interleavers of a given
length. We consider parallel concatenated coding (PCC) schemes
that use recursive convolutional codes as constituent codes. We con-
sider systems using an avalanche photodiode (APD), and treat APD
noise, thermal noise, and multi-user interference using a Gaussian
approximation. We compare the performance of turbo-coded sys-
tems with that of BCH-coded systems with soft-decision decoding,
and that of concatenated coding systems with outer Reed-Solomon
(RS) code and inner convolutional code. We show that turbo-coded
systems have better performance than BCH-coded systems. We
also show that concatenated systems have better performance than
turbo-coded systems when the block length is small and the re-
ceived laser power is somewhat large.

Index Terms—Optical code division multiple access (CDMA),
pulse position modulation (PPM), turbo codes.

I. INTRODUCTION

RECENTLY, optical code-division multiple-access
(CDMA) schemes have attracted much attention par-

ticularly in the field of fiber-optic networks, because they
allow multiple users to access the network asynchronously
and simultaneously [1]–[6]. Optical CDMA is advantageous in
that it makes channel assignment easier than in time-division
multiple-access (TDMA) or frequency-division multiple-access
(FDMA) systems. Thus, optical CDMA is an attractive option
for future optical access networks.

In optical CDMA systems, multi-user interference is one of
the most serious problems. To improve performance of optical
CDMA systems in the presence of multi-user interference, some
researchers have applied error-correction codes, such as convo-
lutional codes, Reed-Solomon (RS) codes, and BCH codes [3],
[4].

Recently, turbo codes have attracted much attention because
of their astonishing error performance and their reasonable de-
coding complexity [7]–[10]. Fig. 1(a) and (b) show the struc-
tures of turbo code and turbo decoder. Turbo codes are par-
allel concatenated convolutional codes (PCCCs) whose encoder
comprises identical recursive convolutional encoders that are
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Fig. 1. Structures of turbo encoder and turbo decoder: (a) turbo code structure
and (b) turbo decoder structure.

preceded by different interleavers, and whose output bits are
concatenated in parallel. A turbo decoder consists of the cor-
responding decoders with a de-interleaver in between to modify
error patterns in the received sequence, and employs iterative
decoding. The output of each component decoder contains three
terms: systematic information generated by the code informa-
tion bit, extrinsic information generated by the code parity check
bit, and a priori information generated by the other decoder. The
extrinsic information is exchanged between the two component
decoders. It was confirmed by computer simulation that by in-
creasing the number of iterations a bit error rate (BER) of 10
can be obtained at an information bit signal-to-noise ratio (SNR)

as low as 0.15 dB [11].
In addition to computer simulations, it is also very useful to

have theoretical bounds in the range where the computer sim-
ulations is not feasible. Some researchers have developed the
very useful transfer function technique to obtain upper bounds
on the BER for maximum-likelihood (ML) decoding of turbo
codes for binary orthogonal signals [8]–[10]. As for convolu-
tional codes, the error probability is upper-bounded by a union
bound that sums contributions from error paths of different en-
coded weights, and the state diagram of the code is used to enu-
merate the paths of each possible weight. However, there are
some differences between the transfer-function bounds for turbo
codes and those for convolutional codes [8]. First, the bounds
for turbo codes require a joint enumerator for all possible com-
binations of input weights and output weights of error events.
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Second, since turbo codes are block codes, it is difficult to enu-
merate compound error events that include more than one ex-
cursion from the all-zero state within the fixed block length.
Third, since it is difficult to obtain the bound for any particular
choice of permutation, the bound is developed as an average
over randomly chosen interleavers. Reference [12] applied the
above transfer function bounding techniques to turbo-coded op-
tical binary PPM (BPPM) systems. It was shown in [12] that
turbo codes can provide substantial coding gain with a reason-
able system complexity for optical PPM systems. However, per-
formance of turbo-coded optical PPM CDMA systems has not
been clarified.

In this paper, we obtain upper bounds on the BER for turbo-
coded optical CDMA systems using pulse position modulation
(PPM). We use transfer function bounding techniques to obtain
these bounds, so our results correspond to the average bound
over all interleavers of a given length. Note that since the transfer
function bound is developed for the ML decoding, we cannot
say the number of iterations of turbo decoding. We consider
parallel concatenated coding (PCC) schemes that use recursive
convolutional codes as constituent codes. We consider systems
using an avalanche photodiode (APD), and treat APD noise,
thermal noise, and multi-user interference using a Gaussian ap-
proximation. We compare the performance of turbo-coded op-
tical PPM CDMA systems with that of BCH-coded optical PPM
CDMA systems with soft-decision decoding [13], [14], and that
of concatenated coding systems with outer RS code and inner
convolutional code. We show that turbo-coded optical CDMA
systems have better performance than BCH-coded optical PPM
CDMA systems. We also show that concatenated systems have
better performance than turbo-coded systems when the block
length is small and the received laser power is somewhat large.

II. SYSTEM MODEL

Direct-detection optical CDMA systems require
-valued code sequences with good correlation prop-

erties: small cross-correlations between the sequences are
essential for low multi-user interference. As our signature code
sequences, we employ low-weight Optical Orthogonal Codes
(OOCs) with out-of-phase auto-correlations and cross-correla-
tions bounded by one. We assume each user to be assigned an
optical code sequence of OOCs with lengthand weight .
The correlation characteristics of OOCs are represented by [15]

for
for

(1)

for (2)

where and represent sequences of OOCs. For OOC with
length , weight , and the maximum values of out-of-phase-
auto- and cross-correlations equal to one, the number of code
sequences is upper bounded by .

Fig. 2. Two typical turbo encoders: (a) the(1; 7=5; 7=5) code and (b) the
(1;5=7;5=7) code.

Figs. 2(a) and 1(b) show the encoders for the two turbo codes
under study. Note that turbo-coding and turbo-decoding in our
system are done in the electrical domain. As the encoders em-
ploy parallel concatenation of constituent convolutional codes,
the codes are often called parallel concatenated convolutional
codes (PCCCs). Both encoders produce one uncoded output
stream and two encoded parity output streams and .
Thus, the code rates of both codes are. The parity streams
in these encoders come from the simple recursive convolutional
encoders with constraint length . For the codes in Fig. 2(a),
both parity sequences correspond to a ratio of generator polyno-
mials where and .
For the codes in Fig. 2(b), both parity sequences correspond to
a ratio of generator polynomials . In octal, the two codes
are denoted by and , respectively. The
three separate rate-1 components of the code are referred to as
code fragments. Thus, a turbo code can be viewed as a parallel
concatenation of some code fragments, and the parallel concate-
nation forms the full codeword. Any codeword of turbo code has
the following structure:

(3)

where
-tuple of the information bits,;

version of with interleaved (permutated) coordinates;
map from the information bits to the parity check bits
generated by the component encoder.
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Fig. 3. Transmitter block diagram of turbo-coded optical PPM CDMA system.

To analyze the performance of turbo codes theoretically, we
want to know, for a given interleaver, the input-output weight
enumerator function (IOWEF), sometimes called the input-re-
dundancy weight enumerating function (IRWEF). However,
to obtain the IOWEF for a given interleaver is exceedingly
complicated, because the redundant bits generated by the
second constituent encoder will depend not only on the weight
of the input word, but also on the permutation preceding the
encoder. To overcome this difficulty, we introduce a random
interleaver, sometimes called a uniform interleaver [8], [9].
A random interleaver of length is a probabilistic device
that maps a given input word of weightinto one of its
distinct permutations, each with equal probability .
Each of the encoders in Fig. 2(a) and (b) is used to generate
a block code, where is the information
block length. Following the information bits, an additional two
“tail bits” are appended to initialize the encoder, that is, to drive
the encoder to the all-zero state at the end of the block. Here,
we use the termination method described in [16]. Since the
component encoders are recursive, it is impossible to terminate
both component encoders with the samebits. Usually only
the first encoder is forced to to return to the initial state by
appending tail bits [17]. Note that the performance degradation
caused by the ambiguity of the final state of the second encoder
is negligible for a large [18].

Fig. 3 shows the transmitter block diagram of the turbo-coded
optical PPM CDMA system. We consider binary PPM (BPPM)
to apply the transfer function bounding technique to PPM. Thus,
a single coded bit is mapped to each BPPM symbol. A laser
pulse is emitted on the 0th or first slot according to a coded
bit. Fig. 4 shows the sequence encoder comprising a set of op-
tical fiber delay lines. The output laser pulse is converted into
the assigned optical code sequence, that is, the signature code
sequence by the sequence encoder comprising a set of optical
fiber delay lines. Then, the pulses spread over the slot are trans-
mitted over the fiber to the desired destination. Fig. 5 shows
the receiver block diagram of turbo-coded optical PPM CDMA
system. The received signal is first put into the optical correlator
shown in Fig. 6. The optical correlator is a set of optical delay
lines inversely matched to the pulse spacings. The optical in-
tensity received at the positions of “1” of the code sequence for

Fig. 4. Sequence encoder comprising a set of optical fiber-delay lines.

the desired channel is summed up at the last chip. The output
of the optical correlator is converted into the electrical signal
by the APD. Note that we use the incoherent matched filtering
technique not the coherent matched filtering technique. For the
latest demonstration work on the incoherent matched filtering,
see [19].

For turbo codes, a practical decoding algorithm was presented
in [7]. The algorithm is referred to as the iterative decoding al-
gorithm. Suppose is the codeword cor-
responding to the information sequence
and is the noise corrupted version of. The
optimal decision algorithm on theth information bit is based
on the ratio of a posteriori probabilities

(4)

If , the decoder estimates that , otherwise
. Let define as for

and . Assuming equiprobable
inputs, (4) can be written as

(5)

where
, and . Although the optimal de-

coding can be done by computing the ’s, it is difficult to
compute them.

The iterative decoding algorithm computes ’s for
. In the iterative decoding algorithm, the results of com-

ponent decoders are exchanged through the feedforward and the



OHTSUKI AND KAHN: BER PERFORMANCE OF TURBO-CODED PPM CDMA SYSTEMS 1779

Fig. 5. Receiver block diagram of turbo-coded optical PPM CDMA system.

Fig. 6. Optical correlator comprising a set of optical fiber-delay lines.

feedback loop. The decoder 1 in Fig. 3 computes the following
likelihood ratios for the ’s based on

(6)

where ’s are provided by the Decoder 2. Similarly, the
Decoder 2 computes likelihood ratios for the’s based on
and ’s which are provided by the Decoder 1. Letting

denote the a priori probabilities, (6) can be written as

(7)

For and , let and be
defined as (8) and (9), shown at the bottom of the page, where

for all
Using the above equations, the iterative decoding algorithm for
Turbo codes can be implemented.

III. U NION BOUNDS ON WORD- AND BIT-ERROR

PROBABILITIES

We analyze performance of turbo-coded optical PPM CDMA
system by using the Gaussian approximation of the APD output

[20], [21]; the effects of APD noise, thermal noise, and
multi-user interference are considered. The primary reason for
using APDs with internal gains, as opposed to PIN diodes with
constant unity gain, is that they have larger responsivity and are
more sensitive to the incoming photons. APDs are preferable
to PIN diodes when the system is thermal-noise-limited, as
opposed to shot-noise-limited. The performance is analyzed in
the chip-synchronous case and thus the performance results in
the upper bounds on that of the system.

The probability that a specified number of photons are ab-
sorbed from an incident optical field by an APD detector over
a chip interval with is given by a Poisson distribution. The
average number of absorbed photons overis where
is the photon absorption rate written as

(10)

where
laser power;
APD efficiency with which the APD converts incident
photons to photoelectrons;
Plank’s constant;
optical frequency.

Primary photoelectron-hole pairs in the APD detector undergo
an avalanche multiplication process that results in the output
of electrons from the APD in response to the absorption
of primary photons on the average:represents the total
photon absorption rate due to signal, background, and APD bulk
leakage current

for `` ''
for `` ''

(11)

if is odd

if is even

(8)

if is odd

if is even
(9)
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where
photon absorption rate due to the actual background
light;
electron charge;
contribution of the APD bulk leakage current to the
APD output;
modulation extinction ratio of the laser diode output
power.

Note that the background light is not considered in a fiber net-
work, i.e., in a fiber network. Thus, background light is
not considered in this paper.

In the following, we analyze error-rate performance of turbo-
coded optical PPM CDMA systems. First, we present upper
bound on BER of -ary PPM CDMA systems [22]. In the pro-
posed system we assume each user to be assigned unique optical
orthogonal code sequence with out-of-phase auto and cross cor-
relations bounded by 1. The probability that a user causes an in-
terference on theth slot of the desired user is given by

(12)

The conditional probability that a user causes an interference
on the th slot of the desired user given that the user causes an
interference on theth slot is given by

(13)

Thus, the probability that a user causes an interference both on
the th and th slots of the desired user is given by

(14)

Also, the probability that a user causes an interference not on
the th but on the th slots of the desired user or vice
versa is given by

(15)

Thus, the probability that a user causes an interference neither
on th nor th slot is given by

(16)

We denote the number of users causing an interference on
the th slot by . Then, the combinatorial probability density
function of two variables, and , is given by

(17)

We denote output of an APD on theth slot
by . Under assumption of equiprobable

inputs, a word-error probability is represented as

(18)

where represents an occurrence probability of
the th data. Using a union bound, the conditional word-error
probability is derived as

some

(19)

Denoting by a union bound on the word-error probability
of uncoded optical PPM CDMA systems, is represented

by

(20)

Here, we rewrite the probability in (20) as
follows:

(21)

(22)

Also, the upper bound on the conditional probability in (21) is
given by

(23)

Substituting (23) into (21), we can have the following equation:

(24)

Substituting (24) into (20), upper bound on is given by

(25)
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Denote by the conditional probability of producing
a codeword fragment with output weightgiven a randomly
selected input sequence of weight. Following [8], can
be written as

(26)

When the random interleaver, that is, the random permuta-
tion is selected, the probability that any input se-
quence of weight will be mapped into codeword fragments
of weights , and is given by

(27)

for the code and

(28)

for the code. To apply the transfer function
bounding technique for turbo codes directly to optical PPM
CDMA systems, we focus on BPPM, as in [12]. The code-
word-error probability is upper bounded as follows:

error event of weight

(29)

where ,
and

(30)

Similarly, the information bit-error probability is upper
bounded by

error event of weight

(31)

The receiver integrates the APD output over the last chip in-
terval . The accumulated output during each chip interval is
assumed to be a Gaussian random variable [20], [21]. Over the
last chip marks at incident photon arrival rate are summed
up. In addition bulk leakage current, surface leakage current,
and thermal noise are added over the last chip. The conditional
probability is derived as fol-
lows:

(32)

Here, the means, and , and the variances, and of
and , are derived, respectively, as follows:

(33)

(34)

(35)

(36)

Here, is the average APD gain, is the bulk leakage current,
is the APD surface leakage current, is the excess noise

factor given by

(37)

where is the APD effective ionization ratio, and is the
variance of thermal noise written as

(38)

where
Boltzmann’s constant;
receiver noise temperature;
receiver load resistor.

Note that the word- and bit-error probabilities and
bounded in (29) and (31) are averages over a randomly chosen
permutation [8].

IV. NUMERICAL RESULTS

We use typical APD parameters in Table I in the numerical
calculation to be presented in this section.

Note that denotes the unit received laser power in a
delay-line of optical correlator. Numerical calculation for
performance of turbo-coded optical PPM CDMA systems
with long interleaver length is not feasible. Thus, we focus
on the system with short interleaver length,=31. Note that
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TABLE I
LINK PARAMETERS

Fig. 7. Bounds onP versus received laser powerP where the bit rateR =

10 Mb/s, the interleaver lengthN = 31, the number of simultaneous users
N = 5, and OOC withF = 31 andK = 3.

the bound on BER is applicable where the optical CDMA is
usually operated.

Figs. 7 and 8 show upper bounds on the bit-error probability
versus received laser power where the interleaver length

, the number of simultaneous users , OOC
with and for turbo-coded optical PPM CDMA
systems and BCH-coded optical PPM CDMA system
where we use optimum soft-decision decoding of BCH codes
[13], [14]. Bit rates are Mb/s and Mb/s in Figs.
7 and 8, respectively. Note that bit and chip rates are approx-
imately the same for all the systems. Note also that when the

Fig. 8. Bounds onP versus received laser powerP where the bit rateR =

10 Mb/s, the interleaver lengthN = 31, the number of simultaneous users
N = 5, and OOC withF = 31 andK = 3.

number of simultaneous users is larger than the code weight,
i.e., , an error floor exists in the performance of uncoded
PPM CDMA systems. We can see that among three systems,
concatenated coding system has the best performance when the
received laser power is not small. This is because turbo codes
need larger block length (interleaver size) to achieve good per-
formance, and also because turbo codes have good performance
particularly when the received laser power is small. We can see
that turbo-coded optical PPM CDMA systems have better BER
performance than BCH-coded optical CDMA systems. We can
also see that both and turbo codes
can achieve about the same performance. As shown for op-
tical PPM systems [12], no abrupt transition can be seen for the
transfer function bound for turbo-coded optical PPM CDMA
systems.

Figs. 9 and 10 show upper bounds on the bit-error proba-
bility versus the number of users where the interleaver length

, the received laser power is dBW in
Fig. 9 and dBW in Fig. 10, respectively. As a
code sequence, we use OOC with and for
turbo-coded optical PPM CDMA systems and BCH-coded op-
tical PPM CDMA system where we use optimum soft-decision
decoding of BCH codes [13], [14]. Bit rates are Mb/s
and Mb/s in Figs. 6 and 7, respectively. Note that the bit and
chip rates are approximately the same for all the systems. Note
also that the uncoded optical PPM CDMA systems cannot ac-
commodate more users than the value of weight of the code se-
quence used in the system, even with large received laser power.
Note also that when the received laser power is as mentioned
above, the performance of concatenated systems is out of region
of the figures and not shown in the figures. However, when the
received laser power is smaller than the values mentioned above,
turbo-coded systems have better performance. We can see that
turbo-coded optical PPM CDMA systems have better BER per-
formance than BCH-coded optical PPM CDMA systems in both
cases. We can also see that the performance difference between
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Fig. 9. Bounds onP versus the number of usersN where the received laser
powerP = �80 dBW, the bit rateR = 10 Mb/s, the interleaver length
N = 15, and OOC withF = 31 andK = 3.

Fig. 10. Bounds onP versus the number of usersN where the received laser
powerP = �75 dBW, the bit rateR = 100 Mb/s, the interleaver length
N = 15, and OOC withF = 31 andK = 3.

and turbo codes becomes smaller as
the number of users is increased. Thus, we can accommodate
many users in optical CDMA networks by using turbo codes.

V. CONCLUSION

We have obtained the upper bounds on the BER for turbo-
coded optical PPM CDMA systems. The bounds were derived
using transfer function bounding techniques. We applied the
techniques to the PCCC schemes. We showed that turbo-coded

systems have better BER performance than BCH-coded systems
and thus can accommodate more users. We also showed that
concatenated systems have better performance than turbo-coded
systems when the block length is small and the received laser
power is somewhat large.
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