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Abstract—We propose adaptive algorithms for mitigating inter-
symbol interference (ISI) in multimode fiber (MMF) systems using
a spatial light modulator (SLM). Minimizing ISI in MMF systems
using an SLLM has previously been posed as a convex optimization
problem. Based on these results, we propose a range of algorithms
for adapting the SLM settings. Some of these are shown to converge
to the global optimum in the absence of noise. We then propose
modified versions of these algorithms to improve resilience to noise
and speed of convergence. Simulation results are included, showing
that these algorithms open an otherwise closed eye pattern.

Index Terms—Adaptive optics, algorithms, optical fiber disper-
sion, spatial light modulators.

1. INTRODUCTION

ULTIMODE FIBER (MMF) is the dominant type of

fiber used for data communications in current local-area
networks. In achieving higher signalling rates, the dominant
limiting factor is the inter-symbol interference (ISI) caused by
modal dispersion [1]. Light propagates in a MMF in modes, with
each mode propagating at its group velocity. The set of modes
excited depends on launch conditions at the input of the fiber,
and on mode coupling within the fiber. Thus, a pulse of light that
excites many modes in the fiber arrives as several pulses at the
output of the fiber—a phenomenon known as modal dispersion.
This effect is analogous to multipath in wireless.

In the past, electrical equalization [2], [3] has been used to
mitigate ISI caused by modal dispersion. However, this can lead
to noise enhancement, and, therefore, degradation of achievable
bit-error ratio (BER) [4].

As an alternative to electrical equalization, the use of adap-
tive optical compensation was proposed in [5]. This involves
shaping the spatial profile of the electric field at the input end
of the fiber using a spatial light modulator (SLM) to excite only
desired desired principal modes (PMs). SLM is a two-dimen-
sional (2-D) array of pixels, capable of modifying the local
phase and/or amplitude of an incident electric field. PMs are a
complete set of orthogonal modes propagating in the fiber, such
that a pulse launched into a PM at the input of the fiber emerges
as a single pulse at the output, even in the presence of mode

Manuscript received November 20, 2007; revised May 19, 2008. First pub-
lished November 13, 2009; current version published December 09, 2009. This
work was supported in part by National Science Foundation under Grant ECCS-
0700899.

R. A. Panicker was with the Department of Electrical Engineering, Stan-
ford University, Stanford, CA 94305 USA. He is now with Embrace, Richmond
Town, Bangalore 560025, India (e-mail: rahul @embraceglobal.org).

J. M. Kahn is with the Department of Electrical Engineering, Stanford Uni-
versity, Stanford, CA 94305 USA (e-mail: jmk @ee.stanford.edu).

Digital Object Identifier 10.1109/JLT.2009.2036684

coupling [6]. This technique leads to no noise enhancement. Ex-
periments [7], [8] have shown that this approach is capable of
realizing high bit rates.

A comprehensive theoretical framework for analyzing this
system was developed in [9]. It was shown that minimizing ISI
by changing the SLM settings can be posed as a convex opti-
mization problem. In particular, maximizing eye opening, sub-
ject to constraints on the SLM, was cast as a second-order cone
program (SOCP). Based on this, globally optimal solutions were
computed.

In practical systems, it is difficult to compute the optimal
SLM settings directly as the solution of an optimization
problem. This is because the solution is a function of a system
matrix that captures information about the fiber parameters
and exact details of the mode coupling, which in turn depend
on every bend, twist, and refractive index imperfection in the
fiber. Therefore, the optimal settings can only be found either
by explicitly estimating this matrix, or by an adaptive algorithm
that implicitly learns these parameters through a feedback loop,
and cause the SLM settings to converge to the optimum.

In this paper, we propose adaptive algorithms for setting the
SLM, for mitigation of ISI. These are shown to have guaranteed
convergence to the global optimum in the absence of noise. We
also develop a range of suboptimal algorithms, that trade off
suboptimality of the final solution for speed of convergence. We
then introduce modified versions of these algorithms to improve
resilience to noise.

The remainder of this paper is organized as follows. In
Section II, we introduce the transmission scheme, and give the
theoretical framework for analysis. This includes the impulse
response of the system as a function of SLM settings, and the
optimization problem posed in [9] that we wish to solve adap-
tively. In Section III, we propose an adaptive algorithm that is
guaranteed to converge to the global optimum in the absence of
noise. We then introduce a suboptimal algorithm, that does not
have guaranteed convergence to the global optimum, but per-
forms close to optimal in simulation, and better than currently
employed techniques. In Section IV, we introduce modified
algorithms with increased robustness to noise. In Section V,
we give simulation results, using parameters of commercially
available components. We show that our algorithms clean up the
impulse response and can open an otherwise closed eye pattern.
We compare performance of these algorithms for various levels
of noise, degrees of mode coupling, and SLM resolutions.

II. ADAPTIVE TRANSMISSION SYSTEM

We first describe a physical system that enables ISI mitigation
using an SLM. Next, we write down the impulse response of the
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system as a function of SLM settings. We then link system per-
formance—the eye opening—to the impulse response, and pose
minimization of ISI as an optimization problem. We also look
at estimation of the objective function so that this optimization
problem may be solved using an adaptive algorithm.

A. Transmission Scheme

The system configuration is shown in Fig. 1, and was origi-
nally proposed in [5]. It consists of a transmitter, the MMF it-
self, and a receiver in which received light pulses are detected
and decoded. At the transmitter, we have an SLM followed by
an imaging system that focuses the light from the SLM into the
input end of the MMF. The SLM is a two-dimensional (2-D)
array of pixels, and is used to manipulate the phase and/or am-
plitude of the electric field incident on the MMEF, in the spatial
domain. The ISI at the receiver depends on the excitation pat-
tern of modes in the MMF. We, therefore, try to set the SLM
pixels to optimally shape the light field incident on the MMEF,
and selectively excite modes in the MMF. At the receiver, light
from the MMF is detected by a photodetector, and decoded by a
recovery circuit. The detected signal is also used for ISI estima-
tion, which drives an adaptive algorithm that controls the SLM.

Unlike traditional electrical equalization, the energy of the
light signal can be refocused into the desired modes of the fiber,
eliminating ISI without amplifying the fixed noise in the system.
This can, of course, only be achieved with the proper SLM pixel
settings.

B. Impulse Response

With a given SLM setting, a pulse of light entering the MMF
has a certain spatial profile. This in turn governs the set of PMs
excited, and the distribution of energy across the PMs. Since
each PM propagates with a well defined group delay, we get a
sequence of pulses at the output. For a unit impulse at the input,
this sequence of output pulses is the impulse response. Thus,
the impulse response of the system is a function of the SLM
settings.

A detailed derivation was presented in [9]. Here, we repro-
duce some of the key results

2M

h(t)=e >
=1

/ [EﬂbcrIn(xvy) X ﬁ;h’lvi(w’y)}

2

Zdxdy| 6(t—m) (1)

where « is the fiber loss coefficient (approximated as mode in-
dependent), [ is the fiber length, 2M is the number of propa-
gating PMs in both polarizations, Eﬁbcﬂn(x, y) is the electric
field at the input face of the fiber, ﬁpk,l,i(x, y) is the normal-
ized magnetic field corresponding to the sth input PM, and 7; is
the group delay of the ith PM. Eﬁberln($7 y) is a function of the
SLM reflectances, an exact expression for which is given in [9].
This leads to a final expression of the impulse response of the
following form:

2M
h(t) = v [Z wuf§(t — ﬂ-)] v 2
i=1
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Fig. 1. Adaptive transmission system: output of the single mode fiber is imaged
onto the SLM, SLM output is imaged onto MMF, MMF output is detected, and
fed to an adaptive algorithm that controls the SLM.

where v = [v1v2...vn]T,v; € C is the reflectance of the
gth SLM block, N is the number of SLM blocks, and u; €
CV,i=1,...,2M are vectors that capture the spatial structure

of the 2M PMs [9]. Note that the impulse response is a quadratic
function of the SLM reflectances.

C. Objective Function

The pulse response of the system was shown [9] to be
g(t) = h(t) * q(t)

oM
=vH [Z umugq(t — Tm)‘| v 3)
m=1

where ¢(t) = p(t) * r(t), with p(¢) being the transmit pulse,
and r(t) the receiver impulse response. It was also shown that
minimization of ISI was equivalent to maximization of the eye
opening in the eye diagram generated by the above pulse re-
sponse. The eye opening is given by

F = g(0;t0) = Y g(nT;to) “)
n#0

where 7' is the bit duration, 7 is an initial sampling offset, and
n is an integer [10], with n = 0 corresponding to the desired
peak. F' is directly proportional to the eye opening, with F' < 0
when the eye is closed, and F' > 0 when the eye is open. Thus,
minimization of ISI is equivalent to maximization of F'.

D. Optimization Problem

It was also shown in [9] that F' can be simplified to the form
F = vEPv,where P € CN*¥ ig a Hermitian matrix, with one
positive, and N — 1 non-positive eigenvalues. P characterizes
the system, and is fixed for a given system. Also, |v;| < 1, i =
1,..., N, because the SLM is a passive reflective device, and
can, therefore, not amplify electric field locally. This leads to
an optimization problem of the form

maximize vPPv

subject to |v;|<1l,i=1,...,N 5)

where v, the vector of SLM reflectances, is the variable over
which we optimize, and P is a property of the system, and may
not be known explicitly. This is the problem we wish to solve
using our adaptive algorithms. Noting that P may be factorized
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as p1pY — PoPY, where p; € CV, P, € CV*N-1 and
ng p1 = 0, leads to the SLMO problem as posed in [9]
maximize |p{{v|2 — “ng“2
subject to  |v;|* <1 i=1,...,N. (6)

This problem is not in any standard form. For example, the ob-
jective function is not convex. However, in [9], it was shown
that SLMO is equivalent to the following convex optimization
problem:

maximize y

subject to /xHx+y2 <t

prv=t
Plv=x
lv?<1 i=1,...,N. (7)

Here,v € CV,x € CV~1, ¢t € Rand y € R are the optimiza-
tion variables, and p; and P> are problem data. This problem
is a second-order cone program (SOCP), which can be glob-
ally solved with great efficiency [11]. The computational cost of
solving this problem is N3, the same order as solving a set of N
linear equations. We will refer to the SOCP (7) as convex-form
SLMO. Many publically distributed software packages can be
used to solve convex form SLMO, e.g., CVX or SeDuMi.

E. Adaptive Algorithms

We note that in real fiber systems, P is not known explicitly,
since it captures the details of the mode-coupling and the optical
system, and depends on the exact refractive profile, every bend
and twist in the fiber, and so on. However, if for every SLM
setting v, we can observe vHPv, we can still find the optimal
solution. Since vF/Pv is the eye opening, it can be measured
directly.

While it may appear from (4) that estimating F' when the
eye is closed requires many samples of the impulse response,
in practice, it can be estimated from a few samples of the step
response. For example, in [7], the following procedure was used.
When the eye is closed, a periodic training sequence comprising
a long string of 0-bits followed by an equal number of 1-bits is
transmitted, as shown in Fig. 2. The largest positive and nega-
tive excursions of the received waveform over any interval of
duration T is used to estimate g(0; ), and the total excursion
of the received waveform is used to estimate Y, g(nT';t). F' is
then estimated as

F = (yO - y—l) + (yL—l - yL) - (ymax - ymin)

with L = 64 in [7]. When the eye is open, the eye opening itself
may be used as an estimate of F'.

III. ADAPTIVE ALGORITHMS: NOISELESS SYSTEMS

In this section, we introduce an algorithm involving adapta-
tion of the amplitude and phase of the SLM for solving the op-
timization problem posed in (5), and prove its convergence to
the global optimum. Next, we introduce a suboptimal algorithm
involving phase-only adaptation, keeping a uniform unit ampli-
tude over the SLM. We also give other algorithms currently in
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Fig.2. Estimation of the objective function using six samples from the response
to a step training sequence.

use, for comparison. All algorithms that we consider in this sec-
tion are sequential-coordinate-ascent (SCA) algorithms. In this
section, we also assume that the system has no noise.

A. Amplitude-and-Phase SCA

Algorithm 1 Amplitude-and-Phase SCA

v; =1,
7 :=1
repeat
for m = 1to3 do
vi = exp(j2m(m — 1)/(3))
Estimate F;,,
end for
v; = 0
9:  Estimate F}

A A ol

10: a = (F1+F2+F3)/(3)—F4

11:  b:=((2F, — Fy — F3) + jV/3(Fy — F1)/3)
12:. c¢:= F},

13: 9= —(b/2a)

14: ifa < 0and |9| < 1 then

15: Uopt = U

16: else o

17: vopt = (b/]0])

18: end if

19: v 1= Vopt
20: i:= ({)mod(N)+1
21: until Termination

In amplitude-and-phase SCA (APSCA) (Algorithm 1), a
single SLM block is chosen, and its complex reflectance is
adjusted to maximize the eye opening, which is the objective
function. Next, another SLM block is chosen, and the process
is repeated. (Note that amplitude-and-phase adaptation can be
achieved using a phase-only SLM if SLM pixels are grouped
into blocks, and if high-spatial-frequency (pixel-scale) phase
gratings are introduced to diffract light away from the fiber
core.) Since at every step, the objective function can only
increase, the sequence of objective function values is monoton-
ically non-decreasing. It is also bounded above by the global
maximum of the SLMO problem. Therefore, this sequence
converges.

Theorem 3.1: The SLM reflectance, v, in APSCA converges
to the global optimum.

Proof: Refer to Appendix. ]
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Maximizing the objective function with respect to a single
SLM block is also an optimization problem. Since F' is a
quadratic function of v, it is also a quadratic function of each
v;. It can, therefore, be written as

F = alvi]* + R(b*v:) + ¢ (8)

where a, ¢ € R, and b € C. Note that a, b, and c are functions of
v, k=1,...,N, k # ¢. In order to find the optimum v;, a, b,
and c are first estimated. This is done using measurements of F’
at four different values of v;, since a, b, and ¢ involve four real
parameters. Once these are estimated, the optimal v;, subject
to the constraint that |v;| < 1, may be computed analytically.
Note that four measurements of the eye opening are required to
optimize a single SLM block.

B. Continuous-Phase SCA

Algorithm 2 Continuous-Phase SCA

v, =1, i=1 N.
1 =1
repeat
for m = 1to3 do
v; = exp(j2n(m — 1/3))
Estimate F;,,
end for
= ((2F1 — Fp — F3) + jV3(F> — F1)/3)
Vopt = exp(j arg (b))
10: v; 1= Vopt
1l: 4:=(i)mod(N)+1
12: until Termination

5 ey

A A ol

Nl

Continuous-phase SCA (CPSCA) (Algorithm 2) is similar to
APSCA, except that only the phase of each SLM block is opti-
mized, while the amplitude is held constant at 1. A single SLM
block is chosen, and the amplitude of its reflectance is set to
unity, while its phase is optimized to maximize the eye opening.
Next, another SLM block is chosen, and the process is repeated.
This algorithm is suboptimal, because every SLM block has unit
amplitude, while the global optimum may involve SLM blocks
with amplitudes less than 1. Optimization of the SLM phases
to maximize eye opening is not a convex problem. Therefore,
there may be many local optima that are not global optima. The
final solution that the algorithm converges to will, in general,
depend on the initial settings of the SLM. However, simulations
show that the CPSCA converges to within 1% of the value of
the objective function achieved by APSCA.

Maximizing the objective function with respect to the phase
of a single SLM block is, again, an optimization problem. Since
|v;| = 1, from (8), we see that

F =R{b"exp(jgi)} +d ©)

where ¢; = arg(v;),d € R, and d = a + c. The optimal ¢; is
given by arg(b), where b is estimated using measurements of F’
at three different values of ¢;. Note that three measurements of
the eye opening are required to optimize a single SLM block.

5793

C. 4-Phase and 2-Phase SCA

Algorithm 3 4-Phase SCA

1:v;:=1, +=1,...,N.
2:1:=1

3: repeat

4: form = 1to4 do

5 v; = exp(j2n(m — 1/4))

6: Estimate F;,,

7:  end for

8 mopt 1= argmax (F1,Fs,F3,Fy)
9: Vopt ‘= exp(jzw(mopt - 1/4))

10: v; 1= Vopt
Il: i:=(i)mod(N)+1
12: until Termination

In 4-phase SCA (4PSCA) (Algorithm 3), a single SLM block
is chosen, and the amplitude of its reflectance is set to unity,
while its phase is optimized over the set {0, 7/2, 7,37 /2} to
maximize the eye opening. Next, another SLM block is chosen,
and the process is repeated. This algorithm is suboptimal with no
guarantee of convergence to the global maximum, and in general
performs poorer than APSCA and CPSCA. Like CPSCA, the
final solution that the algorithm converges to will, in general,
depend on the initial settings of the SLM.

We also mention 2-phase SCA (2PSCA), which is the algo-
rithm used in [7]. 2PSCA is similar to 4PSCA, except that the
phase of an SLM block is optimized over {0, 7}. The perfor-
mance of other algorithms will be compared against this.

IV. ADAPTIVE ALGORITHMS: NOISY SYSTEMS

In Section III, the estimates of the eye opening were assumed
to be without noise. In practical systems, this is not the case.
In this section, we look at modifications to the algorithms pre-
sented in the previous section, enabling trade-off between speed
of convergence and resilience to noise. We first look at a modi-
fied version of APSCA to make it more robust to noise. We then
look at a noise-resilient version of CPSCA.

A. Noise-Resilient Amplitude-and-Phase SCA

Algorithm 4 noise-resilient Amplitude-and-Phase SCA

1: v =1,
20 g:=11 27/ P)

i=1,....N
.. e P=0/P) o )T
~ - ——

P Q
{g=1[91-..9r+0]",9i € C}
3: Compute G € CPTQ)%4 where the kth row of
G = [lgx2R(90)3(g) 1
7:=1
repeat
form =1to P+ Q
Vi = Gm
Estimate F;,,
9:  end for
10: f.= [Fl...Fp+Q]T
11: [0, bRe bIm C]T = GTf
12: b := bre + jbmm
13: v := —(b/2a)

AN A
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14: if a < 0 and |9| < 1 then

15: Uopt 1= U

16:  else o
17: Vopt = (b/]0])
18: end if

19: v 1= Vopt

20: i:= (i)mod(N)+1
21: until Termination

In noise-resilient APSCA (NRAPSCA), for each iteration of
the algorithm, objective function values are observed for (P +
Q) values of the SLM block reflectance v;. When P = 3,Q =
1, this algorithm is identical to the previous version of APSCA.
As P and @ increase, the noise resilience of the algorithm in-
creases. The (P4 Q) values of v; at which the objective function
is observed are given by g. From these, minimum mean-square
error (MMSE) estimates of a, b, and ¢ (8) are obtained. In pres-
ence of Gaussian noise, these are the maximum likelihood (ML)
estimates of a, b, and c. These are in turn used to compute the
optimal v;. Note that GT is the pseudo-inverse of G.

Let the noise in each observation of F' be i.i.d., with zero
mean and variance o2. We observe that Uopt depends only on
a and b.

Theorem 4.1: At each step of the algorithm, the errors in
the estimates of a, bre, and by, have zero mean, and variances
o?(1/P +1/Q),20?/P, and 202/ P respectively.

Proof: Refer to Appendix. ]

Theorem 4.1 means that the errors in a and b due to noise
can be made arbitrarily low by increasing P and (). However,
this increased noise resilience comes at the expense of slowing
down the algorithm.

B. Noise-Resilient Continuous-Phase SCA

Algorithm 5 noise-resilient Continuous-Phase SCA

1: v;:=1, +=1,...,N.

2: g =1 e(i2m/P) _.e(j27r(P*1)/P)]T
{g=1[n...9p)",9; € C}

3: Compute G € CP*3, where the kth row of

G = [R(gx) S(gr) 1]

=1

repeat

for m = 1to P do

Vi = Ggm
Estimate F;,,

9:  end for

10: f:=[F...Fp]*

11: [bRc bIm d]T = GTf

12: b := bre + jbim

13: vopt := exp (jarg (b))

14: v 1= Vopy

15 i:= (i)mod (N) +1

16: until Termination

A

In noise-resilient CPSCA (NRCPSCA), for each iteration
of the algorithm, objective function values are observed for
P values of the SLM block reflectance v;. When P = 3, this
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algorithm is identical to the previous version of CPSCA. As
P increases, the noise resilience of the algorithm increases.
The P values of v; at which the objective function is observed
are given by g. From these, MMSE estimates of b and d (9)
are obtained. In presence of Gaussian noise, these are the ML
estimates of b and d. These are in turn used to compute the
optimal v;.

Let the noise in each observation of F' be i.i.d., with zero
mean and variance o2. We observe that Uopt depends only on
b.

Theorem 4.2: At each step of the algorithm, the errors in the
estimates of by, and by, have zero mean, and variance 202 /P.

Proof: Refer to Appendix. |

Theorem 4.2 means that the errors in b due to noise can be
made arbitrarily low by increasing P. Again, this increased
noise resilience comes at the expense of slowing down the
algorithm.

V. SIMULATION RESULTS

A. Fiber and System Parameters

For simulation, we use parameters from the experimental
setup used in [7]. We use a 50-pm-core graded-index multimode
fiber, 1 km in length. We use the infinite-core approximation,
and therefore approximate the IMs as Hermite-Gaussian modes.
Mode shapes and propagation constants (3;) are computed
analytically. The group delays of the IMs are scaled up by a
factor of 10, so as to make them comparable to modal delays
observed in experiment. This is because the differential group
delay in a fiber with perfectly quadratic refractive index profile
is less than that observed in most real fibers by about an order
of magnitude. We operate at a wavelength of 1550 nm. We use
a bit rate of 10 Gb/s. At a wavelength of 1550 nm, the fiber
supports 55 modes in each polarization.

Light from an SMF with 10.4-sm mode field diameter is im-
aged onto the SLM through a 10.4-mm focal-length lens. The
guided mode of the SMF is approximated as Gaussian. Light re-
flected by the SLM is imaged onto the MMF through a 10.4-mm
focal-length lens. The input faces of both fibers are in the focal
planes of their respective lenses.

Although the SLM in [7] provided phase control only, here,
the SLM is assumed to control both amplitude and phase with a
128 x 128 array of pixels, covering a region containing 95% of
the incident power. Each pixel is 18 x 18 m?. These pixels are
grouped into larger square blocks during operation. A typical
block size is 16 x 16 pixels, to have a 2-D array of 8 x 8 blocks
on the SLM, though block size is part of the parameter space
explored in this simulation. The total area of the SLM is always
kept constant. Grouping a large number of pixels into blocks
means that even if, in practice, the SLM has only phase con-
trol, both amplitude and phase control may be achieved at the
block level by introducing high spatial frequency (pixel-level)
phase gratings to diffract light away from the fiber core. Sim-
ulations show that a block size of 4 x 4 pixels is sufficient to
mimic amplitude-and-phase control with a phase-only SLM for
the imaging system, wavelength, and fiber parameters used in
this simulation. We assume a switching time of 10 s, which is
typical for a micro-electro-mechanical system SLM [12].
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Fig. 3. Amplitude and phase of SLM reflectance, impulse responses before and
after convergence, and eye diagrams, with APSCA.

Mode coupling is simulated by coupling the IMs with ran-
domly generated complex unitary matrices. PMs are thus uni-
tary combinations of IMs. Unitarity ensures conservation of en-
ergy. The high-mode-coupling regime is simulated using uni-
tary matrices that have large off-diagonal terms. The fiber loss
coefficient &« may be assumed to be zero without loss of gen-
erality. Correspondence between simulated impulse responses
and those observed in experiment suggests that this is a reason-
able model.

Our figure of merit is the objective function v Pv. P is nor-
malized so that, when the SLM blocks are all set to amplitude
1 and phase 0, (v; = 1,7 = 1,..., N) the total power in all
modes excited in the MMF is unity. Note that a negative value
of the objective function indicates a closed eye.

The optimal solution is computed by solving using CVX, a
freely distributed convex optimization library for MATLAB [13].

B. Simulation Results: Noiseless Systems

In this section, we compare performance of APSCA, CPSCA,
4PSCA and 2PSCA. Fig. 3 shows the impulse response of the
system before and after adaptation of the SLM with APSCA.
The SLM is a 2-D array of 8 x 8 blocks, each of 16 x 16 pixels.
The fiber has random mode coupling, simulated as described
in the previous section. We see that, after adaptation, higher-
order PMs have smaller amplitudes. This leads to reduction in
ISI and a larger eye opening, as is evident from the eye diagrams
before and after adaptation. Fig. 3 also shows the SLM settings
achieved after convergence. In all simulations, the SLM starts
from a blank state, with all blocks set to amplitude 1 and phase
0,(v; =1,i=1,...,N).
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Before Adaptation Amplitude-and-Phase SCA

-0.5 (1] 0.5
Continuous-Phase SCA

Fig. 4. Eye diagrams before adaptation, and after APSCA, CPSCA, and
4PSCA.

TABLE I
PERFORMANCE COMPARISON OF APSCA, CPSCA, 4PSCA, AND 2PSCA, FOR
MMF WITH RANDOM MODE COUPLING AND CENTER LAUNCH, AND FOR
MMF WITH NO MODE COUPLING AND OFFSET LAUNCH, 8 X 8 BLOCK SLM

Objective function
Before =~ APSCA  CPSCA 4PSCA  2PSCA
Random
mode coupling
Low coupling 0.2176 0.5373 0.5317 0.4826 0.3813
High coupling | -0.1594 | 0.4210 0.4155 0.3385 0.1493
Offset launch
2 pm 0.4710 0.6429 0.6389 0.5449 0.5093
5 pm -0.0950 | 0.6289 0.6249 0.4350 0.1231
10 pm -0.8795 | 0.5836 0.5791 0.4875 | -0.0834

Fig. 4 compares the eye openings after APSCA, CPSCA,
and 4PSCA. We see that 4PSCA gives a smaller eye than
APSCA or CPSCA. Table I gives a compares the value of the
objective function achieved by these algorithms under various
impairments.

Fig. 5 shows typical adaptation curves for the four algorithms.
Here, the fiber has random mode coupling, and the SLM uses
8 X 8 blocks, each of 16 x 16 pixels. Since one step in APSCA
and 4PSCA require four SLM block flips, while CPSCA re-
quires only three, they take different numbers of block flips
for a single pass over the SLM. We see that, because of this,
CPSCA converges faster than APSCA, while achieving a mar-
ginally suboptimal value of the objective function. This makes
CPSCA a very attractive algorithm, as it requires only a phase-
only SLM.

Table II gives a comparison of performance across various
blocks sizes, in a system with random mode coupling. A smaller
sized block translates to higher resolution in spatial frequency.
However, this also means a larger number of blocks, and there-
fore slower convergence. We see that an SLM with 8 x 8 blocks,
each of 16 x 16 pixels, gives good performance, while keeping
convergence time small. We also see that, as SLM resolution in-
creases, the difference between the final values of the objective
function achieved by CPSCA and APSCA decreases.

Figs. 6 and 7 show adaptation curves for various SLM con-
figurations. Note that at higher spatial resolution of the SLM,
differences in performance between the algorithms decreases.
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Fig. 5. Convergence curves: APSCA, CPSCA, 4PSCA, and 2PSCA; 8 x 8
SLM blocks (each of 16 X 16 pixels); noiseless system; vertical lines indicate
completion of a pass over all SLM blocks.

TABLE II
OBJECTIVE FUNCTION FOR VARIOUS SLM RESOLUTIONS: TOTAL ACTIVE
AREA OF THE SLM IS KEPT CONSTANT AT 128 X 128 PIXELS

Number of Objective function
SLM blocks Before APSCA CPSCA 4PSCA  2PSCA
4x4 -0.1593 0.3229 0.3200 0.2587 | 0.04605
8 X 8 -0.1593 0.4209 0.4154 0.3384 0.1492
16 x 16 -0.1593 0.4629 0.4628 0.4142 0.2335
32 x 32 -0.1593 0.4802 0.4790 0.4317 0.2482
0.5
04+
Global maximum
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Fig. 6. Convergence curves: APSCA, CPSCA, 4PSCA, and 2PSCA; noiseless
system; 4 X 4 SLM blocks (each of 32 x 32 pixels); vertical lines indicate com-
pletion of a pass over all SLM blocks.

C. Simulation Results: Noisy Systems

In this section, we compare performance of algorithms
NRAPSCA, NRCPSCA, 4PSCA, and 2PSCA. It is assumed
that adaptation is done using the periodic square-wave training
sequence in Section ILE, with L = 64, leading to a training
sequence 128 bits long.

Fig. 8 shows the convergence of NRAPSCA, NRCPSCA,
4PSCA, and 2PSCA, for 500 random realizations of noise se-
quences. The center line shows the median value of the objec-
tive function, with the error bars indicating the 5th and 95th per-
centiles. The SLM employs 8 x 8 blocks, each of 16 x 16 pixels.
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pletion of a pass over all SLM blocks.
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Fig. 8. Convergence in presence of noise: APSCA, CPSCA, 4PSCA, and
2PSCA; 8 x 8 SLM blocks (each of 16 X 16 pixels); 10 ps SLM switching
time; 10 ps noise averaging; vertical line indicates one pass over all SLM
blocks by APSCA.

Noise is assumed to be i.i.d. Gaussian, with noise power chosen
so that NRCPSCA achieves a BER less than 10~ in more than
95% of the simulated cases. A BER of 1073 is a typical for-
ward error correction (FEC) threshold. A lower BER require-
ment (e.g., 1076 or 10~9) will only set the noise power lower,
thus making conditions more favorable for the algorithms. This
is because the maximum eye opening in the absence of noise
is fixed at the global maximum indicated. Therefore, setting a
lower BER threshold necessitates a system with higher SNR,
and thus lower noise power. Since the SLM switching time is
10 ps, and bit period is 0.1 ns, we use noise averaging over
10 ps, with multiple copies of the training sequence being sent
over this period. Here, P = 3, = 1 for NRAPSCA, and
P = 3 for NRCPSCA. From Section IV, we know that the
effect of increasing P and @ is equivalent to increased noise
averaging.
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Fig. 9. Convergence in presence of noise: APSCA, CPSCA, 4PSCA, and
2PSCA; 8 x 8 SLM blocks (each of 16 x 16 pixels); 10 us SLM switching
time; 100 ps noise averaging; vertical line indicates one pass over all SLM
blocks by APSCA.

Fig. 9 shows the convergence of the various algorithms with
noise averaging over 100 ps. We see that with more noise aver-
aging, the performance is closer to what is obtained in the ab-
sence of noise.

D. Multiple Modes in a Single Bit Period

Note that in our analysis and simulations, the modal delay
differences between different mode groups are assumed to be
large enough so that only one spatial mode (both polarizations)
falls into the first bit period. Modes falling into other bit periods,
and thus causing ISI, need not be discernible in time. However,
in a short fiber, or at low symbol rates, multiple mode groups
may fall into the first bit period. This means that, instead of ex-
citing just one mode group and suppressing all others, we wish
to excite all mode groups that fall within the first bit period,
and to suppress the rest. In this case, the underlying optimiza-
tion problem cannot be posed as a convex problem as presented
here. However, simulations show that our algorithms work well
even in the scenario. In fact, the performance of our algorithms
in these cases is lower bounded by the case where only one mode
group lies in the first bit period. This means that performance in
these cases can only be better than what is seen in the simula-
tions here.

VI. CONCLUSION

In this paper, we have proposed adaptive algorithms to ISI in
MMF systems using an SLM. One of the algorithms, APSCA,
is shown to converge to the global optimum in the absence
of noise. We also propose suboptimal algorithms with faster
convergence, and lesser hardware complexity. We also develop
modified versions of these algorithms to enable resilience
to noise. We present simulation results, using parameters of
commercially available fibers and SLMs, and show that these
techniques mitigate ISI and open up an otherwise closed eye
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pattern. Simulations show that CPSCA appears to be the most
attractive algorithm in terms of speed of convergence, perfor-
mance in presence of noise, and the fact that a phase-only SLM
is sufficient to implement this.

Future work will involve experimental verification of the per-
formance of these algorithms.

APPENDIX

Proof of Theorem 3.1: Our proof proceeds as follows: we
first obtain necessary conditions satisfied by v upon conver-
gence of APSCA; we then show that these imply optimality
(KKT) conditions of convex form SLMO; finally, we conclude
that the v that APSCA converges to must be the optimal solu-
tion to convex form SLMO, and therefore to SLMO.

We start by observing that
P.. H Vs
_  H _ x —H 11 q/L 1
F=v"Pv= [vi v, ] |:Qi Ri:| |:Vz:|
= Piilvi]” + 2R(v qivi) + Vi Riv; (10)

where v; = [v1...v; 1vi41...0n]T, and P; € R,q; €
CN-1, and R; € CNV=1DX(N=1) are appropriate sub-matrices
of P (for e.g., P;; is the ¢th diagonal element of P).

Comparing with (8), we see that a = P;;,b = 2qu\7i, and
c= \’/iH R,;v;. Therefore, in Algorithm 1, steps III.A-III.A are
equivalent to:

if (P; < 0and |qffv;/P;;| < 1) then
v; == —qf'v;/P;;

else

v; = qf' vi/|af' vi|

end if

Therefore, v when APSCA converges, defined as v*, will be
such that

ot — {—Qf[V?/Pii
. — _ _
af'vi/laf'v;|

P; <0 and |qF\7f/P”| <1
otherwise

Y

fors = 1,..., N. We now show that v* satisfies KKT con-
ditions of convex form SLMO, and must therefore be globally
optimal.

In SLMO, P = p;p!’ — P,P¥ . Here, p; is unique only to
within an overall phase. Therefore, we choose the phase of p;
such that pv* € R and pHv* > 0.

The Lagrangian to convex form SLMO, L(v,t¢,x,y, A, v),
may be written as

N
L=—y+X(VxTx+y> =)+ Y Ni(joi]* — 1)
i=1
+RV (P v —t)] + R [ (PYv—x)]. (12)
We define
t* = plv* (13)
x* = Plv* (14)
y* = VvHPv* (15)
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pi'v*
No= ——L 16
0 ey (1o
P]iv*
/\f:[—l i=1,....N (17)
20,V vHPv*
vr = _ﬂ (18)
1 VvHPv*
PH *
vi= =2V (19)
VvrHPvy*
where [P]; is the ith row of P. Therefore,
[Pliv* = Pyvf +qf'v}. (20)

We proceed to show that (v*,¢* x* y*, A*, v*) satisfy KKT
conditions to convex form SLMO, and are therefore the primal
and dual optimal variables.

The KKT conditions to convex form SLMO are

m <t 1)
P <1 i=1,....N (22)
pyvi=1t* (23)
Plv = x* 24)
M>0 i=0,...,N (25)
A5 <m - t*) =0 (26)
A (joiP=1)=0 i=1,...,N 27
oL
A - 7 =0. (28)
3{y,x,t,v} y*,X*,t*,V*,A*,V*

Before proving that (11), (13)-(19) satisfy (21)-(28), we note
that pfv* > 0, and /x*7x* + y*? = pHv*. Now, from di-
rect substitution, (21)—(24) are seen to be satisfied, with (21)
being satisfied with equality. For : = 0, by definition, (25) is
satisfied. Forz = 1, ..., N, from (11) and (20), we see that (25)
is equivalent to (29), shown at the bottom of the page. Equa-
tion (26) follows because (21) is satisfied with equality. (27) is
satisfied because, when P;; < 0 and |7 v?/P;| < 1,\; = 0,
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and otherwise, from (11), |v;*|? = 1. To prove (28), we observe
that

L *yx
oL _ MW (30)
dy VxrxHxx 4qx2
OL
W = —)\0* - 1/1* =0 (31)
oL /\O*X* *
a_x = —*X*HX* + y*Z —Vy = 0 (32)
OL
v = 2N 0]+ pivt + Povy®
= (Pv* - piplv: + Pngv*) JVvHEPv*
=0 (33)

where [\;*v;*] € CV, with the ith element being \;*v;*.
Thus, v*, the v that APSCA converges to, satisfies the KKT
conditions to convex form SLMO, and must therefore be the
globally optimal solution.
Proof of Theorems 4.1 and 4.2: In Algorithm 4

Fo = algmn]® + breR(gm) + braS(gm) + ¢+ 1 (34)
where n,, is the noise corrupting F;,,. Therefore,

f = Gla bre bim ¢]” +n (35)

where n = [n1...np1gl  nm,m = 1,..., P+ Q, are i.i.d.

zero mean, and G is defined in Algorithm 4. Therefore, the
MMSE estimate of [a bre b ] is given by Gf. This will be
the ML estimate when noise is i.i.d. N(0,02). Also, the mean
error is given by E(G'n) = 0, and the covariance matrix is
given by Cov ([a bre b ]T) = 02G1GT". Therefore, the
variances of a,bre, brm, and ¢ are given by the diagonal ele-
ments of e 2GTG1" . Also, we see that (36), shown at the bottom
of the page. Therefore, the diagonal elements of 2GTGH are
givenby 0%(1/P +1/Q),20%/P,20%/P, and 6 /Q. Theorem
4.1 follows.

An analogous proof holds for Theorem 4.2. Here, the MMSE
estimate of [bre br, d]” is given by GTf, with G as defined in
Algorithm 5. This will be the ML estimate when 7,,, are i.i.d.

vilai’ v
2qHV* \/vx HPy*

{

Pial’vi+qf

P;; <0, |qu\7:/PM| <1
otherwise

P < 0, |qu\7:(/P”| <1

zm H ] + 1) otherwise
> (29)
P Q

—— ——f

1/p...1/P -1/Q...—1/Q
Gl = cos(2%0) .. %COS(&P_I)) 0...0 (36)

2 sin(250) ... 2 sin( 221 0...0
0...0 1/Q...1/Q
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N(0,0?). Again, the mean error is given by E(G'n) = 0,
and the covariance matrix is given by Cov ([bre brm d]) =
02GTGT" . Therefore, the variances of b, by, and d are given
by the diagonal elements of 02GTG1" . Here,

%cos (Q’T—P'O) %cos (L(};*l))
G'= | Zsin(22) .. Zsin(ZER) |- GD
1/P 1/P

Therefore, the diagonal elements of o2GTGT" are given by
202/P,20%/ P, and 02/ P. Theorem 4.2 follows.
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