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Abstract—We present a theoretical and numerical framework to
analyze optical properties of subwavelength apertures that are dis-
tributed arbitrarily on the 2-D plane of a metal film. Using the radi-
ation patterns linked to individual eigenmodes inside the aperture,
the coupling between multiple apertures is described efficiently by
a small-rank linear system of equations. The complicated contribu-
tions from both the surface plasmon polariton (SPP) and creeping
wave are inherently included in the analysis. Three-dimensional
fully vectorial finite-difference time-domain calculations are used
to verify the model in several test cases. The model accurately pre-
dicts all the salient features in extraordinary optical transmission
(EOT) spectra of 2-D nanoslit arrays, including the surface plas-
mon resonances and Rayleigh–Wood anomalies. We also explore
the effects of finite array size on EOT and discover a novel regime
where the EOT efficiency decreases with an increasing number
of apertures. Finally, we apply the model in calculating SPP ex-
citation by an arbitrarily patterned nanoslit array. The presented
method not only provides deeper physical insights into EOT and
related phenomena, but should also be useful in designing a variety
of novel aperiodic plasmonic devices with drastically less compu-
tational cost.

Index Terms—Electromagnetic theory, optical scattering, optical
surface waves, plasmons.

I. INTRODUCTION

THE optical properties of metallic films perforated by sub-
wavelength apertures have attracted great research interest

in recent years. Due to the strongly confined cavity mode reso-
nances inside the apertures and the surface plasmon polaritons
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(SPPs) that give complex coupling between multiple apertures,
these nanometallic structures provide a variety of interesting
physical phenomena, such as extraordinary optical transmis-
sion (EOT) [1], beaming [2], and negative refraction [3]. With
the recent progress in nanofabrication technologies, there is a
growing interest to exploit these effects at infrared and visible
regimes with potential applications including subwavelength
sensing [4]–[6], enhanced light emission [7], [8], ultracompact
photodetection for optical interconnects [9]–[11], and light trap-
ping in solar cells [12], [13].

While the initial studies on EOT have focused on infinitely
large periodic arrays, it was subsequently found that finite-
sized arrays with less or even no periodicity also exhibit sim-
ilar EOT behaviors. Ruan and Qiu carried out a rigorous 3-D
finite-difference time-domain (FDTD) simulation on randomly
distributed holes to find out that the localized waveguide reso-
nance inside each hole can mediate enhanced transmission even
in the absence of periodicity [14]. The EOT phenomenon in
aperiodic arrays has also been confirmed experimentally in the
optical [15], [16] and terahertz [17] regimes. On the application
side, various aperiodic structures have been investigated to pro-
vide unique device functionalities. Arrays of spatially varying
subwavelength apertures on metallic films have been used for
planar lenses [18], [19] and angle compensation [20]. In the re-
cent work of our own, we have employed an aperiodic nanoslit
array to demonstrate a wavelength-splitting plasmonic detector
with a discrete spectral response, which is not readily possible
with periodic approaches [21].

Despite these findings and unique potentials of aperiodic
nanometallic structures, though a large part of this study has
been devoted to studying periodic arrays, the aperiodic counter-
parts have been left relatively unexplored. This is largely due to
the difficulty in analyzing large-area arrays without periodicity.
In the pioneering work by Garcia-Vidal et al., the modal expan-
sion technique was used to study 2-D aperiodic arrays of holes in
perfect conductor films [22]–[24]. The model was also extended
to real metals by imposing the surface impedance boundary
condition (SIBC) at the metal-dielectric interfaces [24]–[26].
While this method has been proved extremely powerful in cap-
turing approximate behaviors, the SIBC approximation could
often lead to relatively large quantitative errors (e.g., see [26],
Fig. 1]). On the other hand, a microscopic model based on the
scattering-matrix concept was developed by Liu and Lalanne
to analyze SPP interactions on the real metal surfaces with

1077-260X/$31.00 © 2013 IEEE



TANEMURA et al.: MODAL SOURCE RADIATOR MODEL FOR ARBITRARY TWO-DIMENSIONAL ARRAYS OF SUBWAVELENGTH APERTURES 4601110

higher precision [27], [28]. A similar model has also been used
to study light scattering from aperiodically located multiple
grooves [29]. Since these models assume SPP waves (or SPP
Bloch waves) propagating along a fixed direction, however, their
applicability is limited to 1-D arrays [29] or an array of 1-D pe-
riodic chains [28].

As a result, for quantitative analyses of fully aperiodic 2-D
arrays in real metal films, one must usually rely on rigorous fully
vectorial 3-D numerical simulations, e.g., FDTD [14], [25], [26],
[30], finite difference frequency domain [29], rigorous coupled
wave analysis (RCWA) [27], [28], [31], and Green’s tensor ap-
proaches [32]–[37]. While FDTD method has been particularly
popular due to its straightforward and versatile implementation,
such a brute-force simulation rarely provides an intuitive pic-
ture of underlying physics. Moreover, the computation becomes
extremely demanding for large-area aperiodic arrays, and limits
the range of structures that we could explore. Unlike the other
approaches, the Green’s tensor methods require discretization
only at the scattering elements, and are particularly suited in
analyzing thin metal films [32]–[37]. Nevertheless, they still in-
volve solution of a relatively large system of equations, which
could typically be computationally expensive, especially as the
number of scatterers increases [35], [36]. In addition, solving
the Green’s tensor in a metallic stratified structure is generally
a nontrivial problem and requires a special care to achieve nu-
merical convergence [37]–[39]. It is, therefore, of great value
to develop a simple and rapid numerical method with sufficient
precision that could be scaled to explore large-area aperiodic
nanometallic structures.

In this paper, we present a novel efficient and straightforward
method of computing the transmission and scattering properties
through multiple subwavelength apertures that are arbitrarily
distributed on an optically thick metal film. Our method consists
of two steps. First, we treat each aperture as a modal source ra-
diator, which has its own characteristic radiation patterns linked
to individual eigenmodes of the aperture. Then, by imposing
the boundary conditions at the metal-dielectric interfaces, we
derive a linear system of equations to solve for a self-consistent
solution. While we base our model on the conventional Green’s
function scattering theory, we are not interested in deriving the
Green’s function itself. Instead, we numerically extract the ra-
diation patterns from individual eigenmodes of a single isolated
aperture and employ these radiation patterns to calculate the
coupling between multiple apertures at arbitrary locations. As a
result, our model automatically includes the complicated con-
tributions from both the SPP wave and the residual so-called
creeping wave (also called Norton wave or quasi-cylindrical
wave) [40]–[48]. Since these two types of waves propagate at
a metal surface obeying different power-decay laws, they con-
tribute differently depending on the wavelength and the distance
between the apertures: generally, the coupling is mediated by
the SPP at intermediate distances, whereas the creeping wave
dominates at distances shorter than a wavelength or longer than
the propagation length of SPP (typically a few tens of wave-
lengths). The coexistence of these two waves, as well as their
complex cross-conversion processes at the apertures [44] has
often been the major obstacle against simple analytic modeling
of multiple-aperture interactions.

Fig. 1. (a) Schematic picture and (b) the cross-sectional view of the structures
studied in this paper.

In light of the underlying concept, the model presented in
this paper is similar to the Green’s tensor method [32] (which is
also closely related to the coupled dipole approximation or the
discrete dipole approximation [49], [50]). They are both based
on the Green’s function formulation and approximate the en-
tire set of scattering elements by a finite number of dipoles or
radiators to derive linear systems of equations. The strategy of
discretization, however, is very different. In the Green’s tensor
method, the scattering elements are discretized into small polar-
izable dipoles, resulting in typically a very large matrix equation
system. The present method, in contrast, uses the eigenmodes of
each aperture as the basis functions in the discretization, and an-
alyzes the coupling between these finite-sized radiators instead
of point dipoles. Owing to the limited number of relevant eigen-
modes inside the subwavelength apertures, we gain a significant
reduction in the size of the matrix.

This paper is organized as follows: In Section II, we
present our formalism by starting with the general Green’s
function theory (see Section II-A) and explain the numerical
method of deriving all the necessary parameters (see Section
II-B). In Section III, we test the method in calculating the opti-
cal properties of finite-sized aperiodic arrays of rectangular slits
and compare the results with the exact solutions obtained by
fully vectorial 3-D FDTD. We show that our method is quan-
titatively accurate over a broad spectral range (400–1200 nm)
below the plasma frequency of the metal.

II. THEORETICAL FRAMEWORK

A. Formulation of Modal Source Radiator Model

The structure analyzed in this paper is shown schematically
in Fig. 1. Although our theory should be applicable to apertures
with different geometries, we assume an array of identical sub-
wavelength rectangular slits here for simplicity and for ease of
explanation.

We start by expressing the relative dielectric tensor of the
entire system as

ε(r, ω) ≡ εB(r, ω) + Δε(r, ω). (1)

Here, εB (r,ω) and Δε(r,ω) denote the frequency-dependent
dielectric tensor of the background and scattering systems at
position r. For the case depicted in Fig. 1, εB (r,ω) describes
the background layered structure (i.e., an unpatterned metal
layer and top and bottom dielectric layers) without the slits
and Δε(r,ω) denotes the perturbation to this system associ-
ated with adding slits; Δε = εS − εM inside the aperture and 0
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elsewhere, where εM and εS are the relative dielectric tensors of
the metal and the material inside the slits, respectively. Under
a monochromatic field excitation with exp(–iωt) time depen-
dence, the complex amplitude of electric field E(r,ω) satisfies
the vectorial wave equation:

[
(∇×∇×) − k2

0ε(r, ω)
]
E(r, ω) = iωJ(r, ω) (2)

where k0 is the wave number in vacuum and J represents the cur-
rent source, which is responsible for the excitation field. Insert-
ing (1) into (2), and using the usual Green’s function formalism,
we obtain the Lippmann–Schwinger equation [32], [34]

E(r) = E0(r) + k2
0

∫
dr′G(r, r′)Δε(r′)E(r′) (3)

where we have dropped the explicit dependence on the fre-
quency ω for simplicity of notation. E0(r) is the electric field in
the absence of apertures, so that

[
(∇×∇×) − k2

0εB(r)
]
E0(r) = iωJ(r). (4)

Unlike the usual definition of Green’s dyad in a homogeneous
medium, G(r,r′) in (3) is the Green’s dyad associated with the
background system εB (r), and is defined by

[
(∇×∇×) − k2

0εB(r)
]
G (r, r′) = δ(r − r′) (5)

where δ(r − r′) describes a point vector source at position r′.
Note that the integral on the right-hand side of (3) is restricted to
the volume inside the slits, since Δε vanishes outside the slits.
From (3) and the Maxwell’s equation H = (1/iωμ)∇× E, we
can similarly express the magnetic field as

H(r) = H0(r) +
∫

dr′GH(r, r′)E(r′) (6)

where the linear operator GH (r,r′) relates the radiated magnetic
field at arbitrary r to the electric field at r′ (inside the slit).
Note also that the term k2

0Δε in (3) has been absorbed in the
definition of GH (r,r′) in (6) for simplicity of notation. Using a
Dirac notation, (6) is conveniently written as

|H〉 = |H0〉 + GH |E〉 . (7)

Now, let us express the fields in the metal layer (z1 ≤ z ≤ z2)
as a superposition of the eigenmodes of the slits, i.e., the guided
modes that would propagate vertically in ±z directions inside
the slit. Inside the slits, we have the expansions

|E〉 =
∑

α

(
Aαeiqα z |e+

α 〉 + Bαe−iqα z |e−α 〉
)

|H〉 =
∑

α

(
Aαeiqα z |h+

α 〉 + Bαe−iqα z |h−
α 〉

)
.

(8)

Here, the index α runs over all the slits and eigenmodes and
qα is the propagation constant of a given eigenmode, which is
generally complex. Aα and Bα are the complex amplitude of
the forward and backward propagating mode and e±α (h±

α ) are
the electric (magnetic) field profiles of these modes, which are
therefore vector functions of the transverse (xy plane) position
in the slit. In writing (8), we are implicitly assuming that the
adjacent slits are separated by a sufficient distance (more than
several times the skin depth), so that the direct coupling through

the metal between the waves propagating inside the slits is
negligible.

From the symmetry properties of the forward- and backward-
propagating modes in a reciprocal system, we can decompose
e±α and h±

α into transverse (xy plane) and longitudinal (z) com-
ponents, which we denote here by subscripts t and z, such that
e±α = etα ± ezα ẑ and h±

α = ±htα + hzα ẑ [51, p. 212]. Using
these relations, the transverse components in (8) are written as

|Et〉 =
∑

α

(
Aαeiqα z + Bαe−iqα z

)
|etα 〉 ,

|Ht〉 =
∑

α

(
Aαeiqα z − Bαe−iqα z

)
|htα 〉 .

(9)

Due to the Lorentz reciprocity of the system, we have the
modal orthogonality relation [51, p. 605]

〈etα |htβ 〉 ≡
∫

(etα × htβ ) · ẑdxdy = δαβ (10)

where δαβ is the Kronecker delta function and we assume that
etα and htα are properly normalized. Note that we have em-
ployed the unconjugated form for the definition of the inner
product 〈etα | htα 〉, so that (10) is valid for a lossy metallic
waveguide as well [51, p. 605]. Also, we have once again used
the assumption that the adjacent slits are separated by a suffi-
cient distance, so that the inner product of two modes in different
slits can be approximated to be zero. As a result, {|etα 〉 , |htα 〉}
in (9) constitutes (at least approximately) an orthogonal set. On
the other hand, it is by no means complete in a sense that the
superposition of {|etα 〉 , |htα 〉} cannot describe arbitrary fields
inside the metal. (We must also include the continuous spectrum
to constitute a complete set [52].) We should stress, however,
that only the fields inside the slits are necessary here, because, as
we have discussed, Δε in (3) vanishes outside the slits. The fields
inside the slits should be expressed by (9) with sufficient accu-
racy, provided we include all the necessary waveguide modes.
This feature is a significant advantage of our method compared
with other mode-expansion techniques (such as RCWA), which
generally require much larger number of modes to describe the
field accurately even inside the metal.

We are now interested in the transverse magnetic field at
the two boundaries, I (z = z1) and II (z = z2) as defined in
Fig. 1. By inserting (8) into (7), and letting z = z1 , we obtain
an expression for the magnetic field at the interface I:
∣
∣HI

t
〉
=

∣
∣HI

0
〉

+
∑

α

(
Aαeiqαz1 GI

∣
∣e+

α

〉
+ Bαe−iqαz1 GI

∣
∣e−α

〉)
.

(11)∣
∣HI

t
〉

is the transverse magnetic field at the interface I for
the background structure and GI |e±α 〉 is defined in the position
basis as

〈
rI

∣
∣GI

∣
∣e±α

〉
≡

∫
dr′GtH(rI , r′)e±iq(z ′−z1 )e±α (x′, y′) (12)

where rI is an arbitrary position in the xy plane at the interface I
(z = z1) and GtH describes only the transverse (x and y) mag-
netic components of GH defined in (6). Similarly, expressions
for the interface II are derived by replacing z1 with z2 and the
superscript I with II in (11).
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Finally, we impose the boundary conditions that Ht should
be continuous at the two interfaces I and II above and below the
slits. By equating (9) with (11) at z = z1 , applying 〈etα | on both
sides, and using (10), we obtain a linear system of equations for
the unknowns {Aα,Bα}. We can write these equations more
conveniently by using a new set of variables {Cα,Dα} defined
by

Cα ≡ Aαeiqα z1 − Bαe−iqα z1 ,Dα ≡ Aαeiqα z2 − Bαe−iqα z2 .
(13)

The linear system of equations for the unknowns {Cα,Dα}
is then written as

(
Cα

Dα

)
=

( 〈
etα

∣
∣ HI

0
〉

〈
etα

∣
∣ HII

0
〉
)

+
∑

β

(
κ11

αβ κ12
αβ

κ21
αβ κ22

αβ

) (
Cβ

Dβ

)

(14)
where β runs over all the slits and eigenmodes. From (9) and
(13), Cα and Dα physically represent the magnetic field of
respective modes at the two interfaces. The first term on the
right-hand side of (14), thus, represents the modal excitation by
the incident field, whereas the second term describes either the
reflection of each eigenmode inside the aperture at the interfaces
(when α = β) or the coupling between different modes (when
α �=β). The coupling coefficients κij

αβ are expressed explicitly
as

κ11
αβ =

1
aβ+ − aβ−

(
−aβ−

〈
etα

∣
∣GI

∣
∣e+

β

〉
− aβ+

〈
etα

∣
∣GI

∣
∣e−β

〉)

κ12
αβ =

1
aβ+ − aβ−

(〈
etα

∣
∣GI

∣
∣e+

β

〉
+

〈
etα

∣
∣GI

∣
∣e−β

〉)

κ21
αβ =

1
aβ+ − aβ−

(
−

〈
etα

∣
∣GII

∣
∣e+

β

〉
−

〈
etα

∣
∣GII

∣
∣e−β

〉)

κ22
αβ =

1
aβ+ − aβ−

(
aβ+

〈
etα

∣
∣GII

∣
∣e+

β

〉
+ aβ−

〈
etα

∣
∣GII

∣
∣e−β

〉)

(15)
where we have defined aβ± ≡ exp [±iqβ (z2 − z1)] for
convenience.

Our interest here is to analyze the optical properties of a
finite set of apertures, which are arbitrarily located on the 2-
D plane. Given an aperture with particular geometry, we first
derive qα , |etα 〉 ,GI/II |e±α 〉 and store them in our database. At

the same time, the background field
∣
∣
∣HI/II

0

〉
is obtained for the

given excitation condition. Then, for arbitrary locations of the
slits, we can explicitly calculate κij

αβ using (15) and solve (14).
Once {Cα,Dα} are obtained, the electromagnetic field at an
arbitrary position can be calculated by using (3) and (6).

B. Numerical Method for Deriving the Parameters

Among all the necessary datasets, qα and |etα 〉 can be ob-
tained readily by solving the waveguide eigenmode of the aper-
ture using any numerical 2-D mode solver and |HI/II

0 〉 is derived
either analytically or by a single numerical simulation of the
background structure. The only nontrivial terms are GI/II |e±α 〉,
which, by definition (12), contain the Green’s dyad of the back-
ground structure. The Green’s dyad for a multiple-layered sys-
tem, in general, cannot be expressed in a closed analytical form,
and must be derived numerically by computing Sommerfeld

integrals in the k-space [38]. However, due to a number of
singularities such as poles and branch cuts in these integrals,
special attention and often iterative calculations are required to
achieve numerical convergence [37]–[39]. In this paper, we in-
stead propose an efficient and straightforward method of extract-
ing GI/II |e±α 〉 directly through full-field numerical simulation
of a single isolated aperture under several different conditions.
Our method exploits the fact that we are actually not interested
in the Green’s dyad itself, but its operated functions GI/II |e±α 〉,
which physically represent the radiated magnetic field patterns
at the interfaces I and II generated by the individual eigenmodes
|e±α 〉.

We assume two main simplifications. First, the aperture is
assumed to have subwavelength dimension, so that the wave
propagation inside the aperture can be approximated by the fun-
damental (i.e., least evanescent) eigenmode, or at most, a few
eigenmodes with symmetrical constraints. Such an assumption
is justified in most of the interesting cases studied in the context
of EOT, where we prefer to employ strongly resonant deeply
subwavelength apertures to enhance transmission. Under this
approximation, we can predominantly excite the mode of inter-
est numerically with proper boundary conditions. Second, we
assume that the metal film is thicker than the skin depth (typi-
cally, a few tens of nanometer). Since the Green’s dyad GH (r,r′)
in (12) decays exponentially as r′ runs deeper inside the metal
[note that GH (r,r′) is the Green’s dyad defined for the back-
ground layered structure εB without the slits] and we presume
this decay length is much shorter than our metal thickness, we
can in practice extend the integration limit of z′ to infinitely deep
into the metal. As a consequence, GI/II |e±α 〉 are approximately
independent on the metal thickness and we can employ infinitely
thick metal to derive these parameters. Such an assumption has
also been used in [46].

Fig. 2 schematically shows a set of numerical simulations
we perform to extract GI/II |e±α 〉. First, we simulate the case
of a single aperture on an infinitely thick metal with a light
illuminating from the top [see Fig. 2(a)]. Due to the absence of
any back-propagating wave, Bα = 0. On the other hand, Aα can
be extracted by applying 〈etα | to the magnetic field inside the
slit. Since we have assumed that the fundamental mode (which
we denote here by A1) is excited predominantly, contributions
from all other modes in the summation of (11) can be neglected.
As a consequence, (11) in this case is written as

∣
∣HI

t
〉

=
∣
∣HI

0
〉

+ A1e
iq1z1 GI

∣
∣e+

1

〉
(16)

Since we know A1 , q1 , |HI
t〉, and |HI

0〉, we can derive GI |e+
1 〉

using (16). In a similar manner, we extract GII |e−1 〉 by extend-
ing the thickness in the upward direction and illuminating the
structure from the bottom [see Fig. 2(b)]. Finally, we simulate
the finite thickness case [see Fig. 2(c)] to derive GI |e−1 〉 and
GII |e+

1 〉. In this case, (11) is written as
∣
∣HI

t
〉

=
∣
∣HI

0
〉

+ A1e
iq1z1 GI

∣
∣e+

1

〉
+ B1e

−iq1z1 GI
∣
∣e−1

〉
.
(17)

By inserting A1 , B1 , q1 , |HI
t〉, |HI

0〉, and GI |e+
1 〉, we can de-

rive GI |e−1 〉. Similarly, GII |e+
1 〉 is obtained from the field at the
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Fig. 2. Schematic pictures describing the series of numerical simulations to
extract all four radiation patterns: (a) single slit in a downwardly infinitely thick
metal to extract GI |e+

1 〉, (b) single slit in a upwardly infinitely thick metal to
extract GI I |e−1 〉, (c) single slit with a finite thickness to extract GI |e−1 〉 and
GI I |e+

1 〉.

interface II. While the previous explanation assumes a single-
mode operation of the aperture, if necessary, we can also extract
GI/II |e±α 〉 of the higher order modes as well for a symmetric
aperture, by selectively exciting the desired mode with appro-
priate boundary conditions at the center plane (x = 0 or y = 0)
of the aperture.

One obvious cost of our method is that we need to have a
full dataset of GI/II |e±α 〉 for the entire xy plane of our inter-
est, which may become computationally expensive to derive
directly if the total area of the array exceeds several tens of
micrometers in x and y dimensions. We note, however, that the
SPP wave generally has the dominant contribution on GI/II |e±α 〉
over the creeping wave at a distance longer than a few wave-
lengths from the aperture. Indeed, this will be observed clearly
in our example, where GI |e+

1 〉 quickly converges to the SPP
wave (see Fig. 5). Although the creeping wave dominates over
the SPP wave again at a very long distance beyond the SPP
propagation length [37], [46], [47], it is usually attenuated by a
large fraction at such a distance, so that its contribution should
have relatively minor contribution to the overall property. As a
result, in the regimes sufficiently far from the aperture but not
beyond the propagation length of the SPP wave, we can approx-
imate GI/II |e±α 〉 by a superposition of 2-D SPP waves, which
are bounded in the z direction [34]. Such 2-D waves in general
are described efficiently by the cylindrical wave decomposition.
The x and y components of GI/II |e±α 〉 in these regions can
be thus expressed approximately by

∑
m cm H

(1)
m (kSPPr)eimθ ,

where (r, θ) describe the polar coordinate, H
(1)
m are the mth-

order Hankel functions of the first kind, kSPP is the propagation
constant of the SPP, and cm are the complex amplitudes of
these outgoing cylindrical waves. We therefore need to obtain
GI/II |e±α 〉 numerically only in a limited region near the aperture,
and then extract the coefficients cm to describe GI/II |e±α 〉 over

Fig. 3. Structure and the definition of parameters used to study light transmis-
sion through a 3 × 3 array of rectangular slits.

the larger area of our interest. We demonstrate in Section III-
A that 20 cylindrical waves are typically sufficient to describe
GI/II |e±α 〉.

We should note that the final equation (14) is similar to that
obtained by Garcia-Vidal et al. using the modal expansion tech-
nique [22]–[24]. Our scheme, however, is more general in sev-
eral ways. First, while the modal expansion model uses the
plane-wave expansion (Rayleigh expansion) at the top and bot-
tom spaces of the metal film, we do not assume any modal
expansion in these regions. Our model is, therefore, applica-
ble to any layered structure, e.g., the top and bottom regions
can consist of multiple layers of different dielectric materials.
Second, our model does not assume transverse-electric (TE) or
transverse-magnetic (TM) modes inside the aperture, so that
|eα 〉 and |hα 〉 can have arbitrary vectorial profiles. Third, we
do not employ SIBCs at the metal-dielectric interfaces, an ap-
proximation that may cause substantial error especially at a
shorter wavelength [26]. Since we extract GI/II |e±α 〉 numeri-
cally, the complicated contributions from both the SPPs and
creeping waves are automatically included in the model.

III. NUMERICAL APPLICATIONS

A. EOT Through a Finite-Sized Slit Array

To verify the validity of the model, we first tested the model
in calculating optical transmission through finite-sized periodic
arrays of rectangular slits, and compared the results with fully
vectorial 3-D-FDTD simulations. Fig. 3 shows the structure con-
sidered in this example, where a 3×3 array of rectangular slits
(w = 60 nm, l = 300 nm) is patterned on a silver film (h =
200 nm), which lies on top of a silica substrate. We assumed
an x-polarized (i.e., electric field pointing in the x direction)
plane wave incident normal to the metal surface. The dielec-
tric constant of the metal was modeled by a Lorentz fit to the
experimental values [53], where the metallic loss was also in-
cluded. For simplicity, we ignored the wavelength dispersion
of the silica substrate and used ε2 = 2.117 (n = 1.455) for the
entire wavelength range of our interest. For the fully vectorial
3-D-FDTD simulation, we used B-CALM, an open-source sim-
ulator based on graphical processing units (GPUs) [54].

Fig. 4 shows the propagation constants of the first and the
second eigenmodes of a slit with w = 60 nm and l = 300 nm.
Since these two modes converge to the well-known TE01 and
TE02 modes in the perfect conductor limit, we denote them
as TE01 and TE02 throughout this paper. The inset in Fig. 4
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Fig. 4. Real and imaginary parts of the propagation constants for the TE01
and TE02 modes of a single slit (w = 60 nm, l = 300 nm) on a silver film. The
electric fields inside the slit for the respective modes are illustrated schematically
in the inset.

Fig. 5. Hy component of GI |e+
TE0 1

〉 at 600-nm wavelength: (a) the real part
in the xy plane, (b) the real and imaginary parts along the x-axis at y = 0
(solid), together with a numerical fit of the SPP mode (dashed), having a dipole
radiation pattern in the 2-D plane.

schematically illustrates the electric field profile inside the slit
for these two modes. For this particular geometry, the TE01 mode
has a cutoff wavelength at 880 nm and becomes evanescent
beyond this wavelength. On the other hand, the TE02 mode
emerges as a propagating mode at a wavelength shorter than
460 nm. Nevertheless, we find that the TE02 mode has only
minor contribution to the total optical transmission, and thus is
neglected in the example case presented in this section. We will,
however, show in Section III-B that the TE02 mode is essential
in calculating the SPP field pattern accurately.

In deriving GI/II |e±α 〉, we carried out 3-D-FDTD simulations
of the single-slit cases as described in Fig. 2. Exploiting the
symmetry of the structure, we used a computational cell that
contains only one-quarter of the structure in the x > 0 and
y > 0 region, and applied perfect electrical conductor or per-
fect magnetic conductor boundary conditions at x = 0 and y =
0 to selectively excite either the TE01or the TE02 mode. Per-
fect matching layers were used at all the other boundaries. The
discretization grid size was set to 5 nm, which showed good
convergence in our calculation. Fig. 5 shows the Hy component
of GI |e+

TE0 1
〉 at 600-nm wavelength. In Fig. 5(b), we plot the

field along the x-axis at y = 0 (solid), together with a numerical
fit of the SPP mode (dashed), which is assumed to have a dipole
radiation pattern in the 2-D plane [30]. It is clearly observed that
the deviation from the SPP mode can be substantial at a short
distance. At the same time, GI |e+

TE0 1
〉 converges to the SPP

mode after a distance longer than a half the wavelength, which

Fig. 6. Normalized-to-area transmittance of a 3×3 slit array (see Fig. 3),
calculated by using the model (red solid) and 3-D FDTD (blue dashed) for ax =
240, 360, 480, and 600 nm (w = 60 nm, l = 300 nm, h = 200 nm, ay = 360 nm).
Although only the TE01 mode is considered in the model, excellent agreement
is obtained over a broad spectral range. The arrows indicate the (1,0)-order SPR
wavelength at the top (λSPR1 ) and bottom (λSPR2 ) interfaces. Transmission
through a single slit is also plotted in Fig. 6(a) with a gray line.

supports the validity of approximating GI |e+
TE0 1

〉 by cylindrical
waves at these regimes as discussed in Section II-B.

Using the dataset of qα , |etα 〉,GI/II |e±α 〉, and |HI
0〉stored in

advance, {Cα,Dα} in (14) were solved for a given location
of slits, from which the total transmission was calculated. For
this example of nine slits, the computation took less than 2 s
per wavelength on a 2.13-GHz Quad Core processor. This is a
dramatic speed up compared with full-field 3-D-FDTD simu-
lation of the entire structure, which took more than 90 min on
an NVIDIA C-1060 GPU [54]. Out of the 2-s total computation
time in our model, roughly 1 s was used for loading |etα 〉 and
GI/II |e±α 〉, and most of the remaining time was used for com-
puting 〈etα |GI/II |e±β 〉 to populate the matrix. Depending on
the application, therefore, we could achieve further speed up by
computing 〈etα |GI/II |e±β 〉 as a function of the slit separation in
advance.

Fig. 6 shows the comparison of transmission spectra calcu-
lated using the model (red solid) and the fully vectorial 3-D-
FDTD simulation of entire structure (blue dashed). The results
are plotted for different values of ax (240, 360, 480, and 600 nm)
with ay = 360 nm. For these cases, the minimal separation be-
tween the apertures is 60 nm and is sufficiently larger than the
skin depth of the silver, which is less than 15 nm in the wave-
length range of our interest (400–1200 nm). The transmission
was evaluated at the middle of the metal film and normalized
to the total area of the nine slits, following the usual conven-
tion [24]. A transmission over 1, therefore, corresponds to EOT.
Although we have only considered the TE01 mode in the model,
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Fig. 7. Normalized-to-area transmittance through an N×N array for increas-
ing N (w = 60 nm, l = 300 nm, h = 200 nm, ax = ay = 360 nm). For
N > 3, the cylindrical wave expansion is employed to approximately calculate
κij

αβ
between widely separated slits. As N increases, the transmission spectrum

converges to that of an infinite array (black dashed line), which is obtained by
3-D FDTD simulation with periodic boundary walls. The first-order SPR wave-
length λSPR2 and the Rayleigh–Wood anomaly λW 2 at the bottom interface
are indicated by the solid and dashed arrows, respectively.

excellent agreement is obtained in all cases over a broad spectral
range (400–1200 nm).

We should note that the resonant excitation of SPPs at the top
and bottom metal interfaces, which has been considered as the
dominant mechanism responsible for EOT in deeply subwave-
length nanohole arrays [26], [55]–[57], plays rather an indirect
role in Fig. 6 due to the presence of propagating modes in-
side the slits [58]. To illustrate this point, the lowest (1,0)-order
surface-plasmon-resonance (SPR) wavelengths at the two in-
terfaces, defined by λSPR ≡ ax

√
Re [εMεj /(εM + εj )] (j = 1,

2) [26], [58], are indicated by arrows in Fig. 6, which, indeed,
do not correspond directly to the spectral peaks. On the other
hand, the normalized-to-area transmission through a single slit
is plotted in Fig. 6(a) with a gray solid line, which, even in
the absence of multiple-slit SPRs, already exhibits clear EOT
peaks. From the dispersion curve [see Fig. 5(a)] and the field
inside the slit (not shown), it is confirmed that the two spec-
tral peaks around 980 and 680 nm correspond, respectively, to
the first- and second-order Fabry–Perot resonances of the TE01
mode inside the slit. In the presence of other slits, the effective
reflection coefficients of the TE01 mode at the top and bottom
interfaces should be modified [59], [60], which results in the
spectral shift of these two Fabry–Perot resonances as evidenced
in Fig. 6(a)–(d).

It is of further interest to evaluate how the transmission spec-
trum converges to that of an infinite array as we increase the
number of slits [24], [26]. As discussed in Section II-B, we can
approximately calculate GI/II |e±α 〉 in a broader area by using
the cylindrical wave decomposition. Fig. 7 shows the transmis-
sion spectrum calculated by using the model with an increasing
number of slits for ax = ay = 360 nm. We employed 20 modes
for the cylindrical wave decomposition. We also plot in Fig. 7
the exact solution for an infinite array, calculated by 3-D-FDTD
with the use of periodic boundary conditions. We see that the

transmission spectrum converges to that of the infinite array
with an increasing number of slits, which justifies the validity
of our approximate method using the cylindrical wave decom-
position. More specifically, as the number of slits increases,
the transmission spectrum transforms into a Fano-type asym-
metric lineshape [30], [61], [62]. A transmission dip emerges at
572 nm, which corresponds exactly to the (1,0)-order SPR wave-
length at the bottom silver-silica interface (λSPR2) as defined
previously. In addition, a sharp peak develops near the corre-
sponding Rayleigh–Wood anomaly, defined by λW j ≡ ax

√
εj

= 523.8 nm [30]. The fact that the SPR can actually suppress the
transmission and the transmission peaks can instead correspond
with the appearance of Rayleigh–Wood anomalies has been ob-
served in infinite 1-D and 2-D slit arrays [58]–[64], [27], [28].
Our model not only reproduces these previous findings, but also
reveals explicitly the effects of finite array size, including how
these dips and peaks emerge and develop with an increasing
number of apertures.

More interestingly, we also find from Fig. 7 that the
normalized-to-area transmission at around 660 nm is maxi-
mized for the 2 × 2 array and decreases for larger sized arrays.
Such a feature is in contrast to the previous findings on circu-
lar nanohole arrays, where the EOT is enhanced monotonically
with increasing number of holes [24], [26]. Aside from a theo-
retical interest in such counterintuitive behavior, the existence
of an optimal array size has substantial implications for practical
applications. For a given incident beam condition, an optimized
design of a finite-sized array should exist to maximize the total
transmission. The present method should particularly be useful
in deriving such an optimized design with less computational
effort.

B. Surface Plasmon Excitation by Arbitrary Array of Slits

One of the strengths of the present method is that it should be
applicable to a completely arbitrary pattern of apertures as long
as they are separated by a distance that is sufficiently large com-
pared to the skin depth of the metal. To verify this feature, we
study excitation of SPP waves by 10 arbitrarily located slits on
a silver film as illustrated in the inset of Fig. 8. The dimensional
parameters of each slit are the same as those in the previous
section; w = 60 nm, l = 300 nm, and h = 200 nm. Because
here we want to examine the detailed field distribution, we need
to include the effects of asymmetric excitation of eigenmodes
inside the slits; as a result, we find that in addition to the fun-
damental TE01 mode, the TE02 mode must also be included in
deriving the SPP field pattern accurately.

Fig. 8 shows the amplitudes Aα (Bα ) of the forward
(backward)-propagating TE01 and TE02 modes inside the ten
slits at 600-nm wavelength, derived using the model. The re-
sults obtained by 3-D FDTD of the entire structure are also plot-
ted with crosses, which agree excellently with the model. From
{Aα,Bα} and GI/II |e±α 〉, we can then calculate the excited SPP
field at arbitrary locations. Fig. 9 shows the field distribution of
the Ez component (600-nm wavelength) at the bottom silver-
silica interface, obtained using the model [see Fig. 9(a)] and
3-D-FDTD [see Fig. 9(b)]. We see that the local resonances
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Fig. 8. Absolute values of A (forward-propagating amplitude) and B
(backward-propagating amplitude) of TE01 and TE02 modes inside the ten
slits (inset) at 600-nm wavelength, calculated using the model. The slit param-
eters and the cross-sectional structure are the same as in Fig. 3 (w = 60 nm,
l = 300 nm, h = 200 nm). Good agreement is obtained with the 3-D FDTD
simulations (crosses). The lines between the markers are guides for the eye.

Fig. 9. Ez field at the bottom silver-silica interface at 600-nm wavelength
calculated using (a) the model and (b) 3-D FDTD. (c) Ez field intensity at
x = 0.6 μm. The field calculated using uniform excitation approximation is
also shown by a gray solid line.

(e.g., at slits #2 and #4) are captured accurately and the field
distribution is reproduced well by using the model. Fig. 9(c)
quantitatively compares the Ez field intensity at x = 0.6 μm.
For comparison, we also plot the field obtained by assuming
that all 10 slits are excited uniformly with the excitation effi-
ciency calculated for a single aperture (gray solid line). While
the simple uniform excitation approximation fails in reproduc-
ing the SPP field, quantitative agreement is obtained by our
model. These results clearly reveal the importance of modeling
the multislit interactions accurately, which does significantly
influence the overall optical properties.

IV. CONCLUSION

We have demonstrated a powerful method of analyzing the
optical properties of a 3-D metal film with an arbitrarily pat-

terned finite-sized array of subwavelength apertures. The model
treats each aperture as a modal source radiator and uses its radia-
tion patterns to analyze the coupling between different radiators.
Owing to the limited number of relevant eigenmodes inside the
subwavelength apertures, the problem is efficiently cast into a
small-rank linear system of equations. We have also presented
a straightforward method to derive all the necessary radiation
patterns through numerical simulations of single-aperture cases.
The fields at larger areas could also be obtained by the use of
cylindrical wave decomposition. We have verified the method in
few test cases by comparing with the fully vectorial 3-D-FDTD
solutions. The method has accurately reproduced EOT spectra
and Fano resonances in 2-D nanoslit arrays, as well as the com-
plex SPP field pattern excited by an aperiodic nanoslit array. We
have also explored the dependence of EOT on array size and
discovered a novel regime, where the EOT efficiency decreases
with an increasing number of nanoslits.

Although we have treated arrays of identical rectangular
nanoslits as example cases in this paper, the method should
in principle be applicable to subwavelength apertures of arbi-
trary geometries, provided that the field inside the apertures can
be approximated by the fundamental eigenmode or a few eigen-
modes with symmetrical constraints. In addition, the method
should also be effective for any multilayered structure; e.g., the
top and bottom regions can consist of multiple layers of differ-
ent dielectric materials. The dramatic reduction of computation
time, together with the straightforward implementation using
any commercial full-field simulator, makes the present method
highly attractive for practical applications. The method could,
for example, be employed in iterative design of a variety of
novel aperiodic plasmonic devices [18]–[21].
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