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value. That is to say, the SNR always appears to increase until
a 2.5-dB improvement limit is reached, which has been confirmed
by experiments.

It is clear from the foregoing that the average estimate error
in using average of logs depends on the statistics of the power
estimates being averaged. The error ranges from 2.5 dB in the
Gaussian noise case to 0-dB error for a noiseless sinusoid signal.
A sinusoidal signal in noise falls within this 0- to 2.5-dB spread.
Since the error is a function of the incoming waveform statistics
it is not amenable to calibration except with difficulty. This
estimation error is considered large for some applications but
with many it is quite acceptable.

IV. CoNCLUSIONS

The effect of averaging the logarithm of power, relative to
power, for detection and for estimation of power has been
shown. Detection with log-power leads to significant loss in
performance only for a very large number of integrations. With
many of today’s narrowband processors, the number of inte-
grations falls well below 20, a level where log-power can be
considered to offer considerable processing advantages since
only 0.2-dB detectability loss is encountered.

When estimating signals in white Gaussian noise by log-
arithms, the presented curves allow good estimates of both
power and SNR. The errors for unknown signal and noise
distributions are bounded, and with a single observation SNR
of several decibels or more the estimation error may still be
usable in a number of applications.

These two considerations make the log-power processing of
signals very attractive and often offer advantages when com-
pared to power processing.
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Finite-Memory Algorithms for Estimating the Mean
of a Gaussian Distribution

M. E. HELLMAN

Abstract—Let {X,}, , be independent random variables, each having
a .+ (u,0?) distribution. If we try to estimate » with an m-state learning
algorithm, then the minimum mean-squared error is bounded below by
that obtained by the best m-level quantizer (which requires knowledge
of z). Here we show that this lower bound is tight. The results are easily
extended to a number of other problems, such as estimating the mean 6
of a uniform distribution.

I. INTRODUCTION

The problem of estimating the mean u of a sequence of
independent A4 (u,06%) observations is a classic problem in
statistics. However, until recently the effects of finite memory
were never considered. Since in the real world any estimation
algorithm is of necessity a finite-memory algorithm, the study
of these effects is basic to the problem.

The model we shall use assumes that {X, }s=; are independent
random variables, each having a .4 (u,0?) distribution. The mean
4 has a known a priori distribution p(u), but the distribution of
the variance o2 is unknown. Using m-state algorithms of the
form

T =f(Tn I’Xn)e{lz m}
d,=dT)eR (1)

forn = 1,2,3,- - -, we wish to minimize the limiting value of the
mean-squared error

L
J = lim E{l_z (ﬂ—dnz}.
L n=1

L—w

)

The crucial point in the formulation is the restriction that
T,, the value of our statistic at time », take on one of only m
possible values. For example a 10-bit memory corresponds to
m = 2'° = 1024.

Of the recent work [9}-[22] on finite-memory learning
algorithms, this problem is most closely related to Roberts and
Tooley [18], Wagner [22], and Cover {23]. The first two papers
deal with time-varying algorithms for estimating the mean of a
distribution. In contrast, we are concerned with time-invariant
algorithms (i.e., in (1) neither the state transition function f nor
the decision function 4 depend on n). Time-invariant rules are
of greater use in practical applications because of their simpler
structure. Cover applied Sagalowicz’s results [24] on hypothesis
testing to obtain solutions to certain time-invariant estimation
problems. The reader is referred to [9]-[22], to the statistical
literature {1]-[3], and to the literature on automata theory
[4]-[8] for a more thorough history of the subject.

II. RELATION TO QUANTIZATION PROBLEM

In the quantization problem we are asked to find m real
numbers {;}7;, and a mapping (quantizer) Q: R — {u;}]L,.
Nature then generates u according to the a priori distribution
p(p) and tells us the value of u. We must then represent u by
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CORRESPONDENCE
dp=-1 X2+M dp=+1
X<-M
Fig. 1. Optimal algorithm for testing u = +1 versus g = —1.

O(w) € {u; ¥~ 4, incurring a loss [ — Q(w)]?. The mean-squared
error achieved by an m-state learning algorithm can be no
smaller than the minimum mean-squared error obtainable by
the optimum m-level quantizer. It will be strictly larger unless
we use the optimal quantizer values {u;*}/-, as our estimates
(decisions) and ensure that as » — oo the memory is in its
optimal state for the value of u chosen by nature. That is,
lim,_, ., Pld, = O*(w)] = 1 for almost all g, where O* denotes
the optimal quantizer.

From the previous argument one might assume that this lower
bound is not tight. However, as shown in the following, this
intuitive guess is wrong.

As a starting point, consider the problem of testing between
two hypotheses, where under H, the observations have a
A(+1,1) distribution, and under H, they have a A"(—1,1)
distribution. As shown in [9], even a two-state memory can
have as small an error probability as desired. The class of optimal
algorithms is shown in Fig. 1.

If7,_, = 1land X,, = M, then the memory transits to state 2.
If T,_{ = 2and X, < — M, then the memory transits to state 1.
In state 1 the algorithm decides # = —1, while in state 2 it
decides # = +1. By symmetry the error probability is the same
under H, as under H,. Therefore let us assume H, is true, so
that each observation has mean + 1 and variance 1. If we choose
M = 100, then transitions from state 1 to state 2 occur with
very low probability since observations must be located at least
99 ¢ from the mean to cause such transitions. However, the
probability of transitions from state 2 to state 1 is even lower
since observations must be at least 101 ¢ from the mean to
cause these transitions. The independence of the observations
implies that the sequence of states occupied by the memory is a
Markov chain. Thus it is only the ratio of the probabilities of
transition which determines the steady state probabilities of
being in state 1 and state 2.

Since the likelihood ratio I(x) is equal to exp (2x), the prob-
ability of a transition from state 1 to state 2 is approximately
€2%% times as large as the probability of a transition from state 2
to state 1. The error probability is therefore approximately e~2°°,
For other large values of M, similar reasoning shows that the
error probability is approximately e~ 2M. By choosing M suffi-
ciently large any nonzero error rate can be achieved. Of course
if the sample size N is not truly infinite, then M cannot be made
too large or no transitions will occur. Recent work [19] has
shown that in the large but finite sample size problem the optimal
value of M is given by My* = (2In N)/2 + 1 — &y, where
Jdy — 0 as N - oo. The associated optimal error rate is

P*2,N) ~ exp {—2[21In N)¥2 + 1]} 3)

where ~ means that as N — oo the ratio of the two sides tends
to 1. These results will prove useful when discussing the finite
sample size estimation problem. The quantity (2 In N)!/? comes
from the fact that the maximum of N independent A47(0,1)
random variables tends to (2 In N)!/? in probability [25].
Note that the variance of the observations does not matter
when N = 0. As M — oo the previous machine’s error rate
tends to zero no matter what the variance. Note also that if we
change the problem so that we are testing between A (u1,0,2)
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CRUERE Y

Iz dn=pe

[X-(uy+pp)72]s-M
Fig. 2. Optimal algorithm for testing y, versus .

dp=-1 XzM dn=l X2M+3 dn=5
X<-M X<-M+3
Fig. 3. Optimal estimator.

and A (u,,0,2) distributions, with u#, > u,, then similar reason-
ing shows that the class of machines depicted in Fig. 2 will have
a limiting error rate which can be made arbitrarily small by
choosing M large enough.

At this point let us turn to a class of machines which can
estimate g with a mean-squared error arbitrarily close to the
lower bound provided by the quantization problem. As before
let u* < my*, < --- < p,* denote the optimal quantization
points for an m-level quantizer. If yx is closest to g;*, then
Q(w) = w;* is the optimal quantizer output when x is known
to be the mean.

Consider the machine which transits from state 7 to state i + 1
when [X — (u* + pf,1)/2] = M, and from state 7 to state
i — 1when [X — (uf_; + 1*)/2] < — M; and which estimates
4 to be u* when it is in state /. For M sufficiently large this
machine has a mean-squared error which is arbitrarily close
to the lower bound. Of course, if M is set equal to oo, the
mean-squared error becomes very large. This is analogous to the
non-existence of optimal machines in the infinite-sample
finite-memory hypothesis-testing problem [9].

Note the resemblance of the machine previously described to
Fig. 2. To see that this machine is in fact ¢-optimal, let us con-
sider an example in which m = 3, u,* = —1, ,* = +1,
u3* = +5. Then the e-optimal machine is shown in Fig. 3.
Suppose nature chooses 1 < 0, so that if we knew the value of
u we would set Q*(u) = —1, the closest quantization point.
The machine in Fig. 3 has a probability of transition from state 1
to state 2 which is much smaller than the probability of transition
from state 2 to state 1. For large M the ratio is approximately
exp QuMjo), so that as M — oo the ratio tends to zero. How-
ever, this implies [9, eq. (17)] that the steady-state probability
of occupying state 1 is approximately exp (2|u|M/o) times as
large as the steady-state probability of occupying state 2.
Similarly the probability of transition from state 2 to state 3 is
much smaller than the probability of transition from state 3
to state 2. For large M, the ratio is approximately
exp (=23 — wM/os). Thus the steady-state probability of
occupying state 3 is even smaller than the steady-state probability
of occupying state 2, and as M — oo the steady-state probability
of occupying state 1 tends to one. Since the estimate in state 1
equals Q*(u), this three-state estimator performs as well as the
optimal three-level quantizer when x4 < 0.

Similarly, if x4 > 3, so that Q*(u) = +35, it is seen that the
steady-state probability of occupying state 3 tends to one as
M — co. And, with only minor changes in the argument, if
0 < u < 3, sothat @*(u) = +1, it is seen that the steady-state
probability of occupying state 2 tends to one as M — co. Thus,
as M — oo, no matter what the values of # and o are

lim P[d, = Q*(uw)] = 1 @

n— o
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and the “optimal” m-state learning algorithm estimates u as
well as the optimal m-level quantizer can quantize u. The exten-
sion to m > 3 is self-evident.

III. DiscussioNn

Tt is seen that there is no optimal rule for the previous infinite-
sample finite-memory estimation problem. As noted, this is
analogous to the nonexistence of optimal rules for the infinite-
sample finite-memory hypothesis-testing problem. However,
when the sample size is finite, recent work [19] has shown that
optimal rules do exist for hypothesis-testing problems. The same
proof is easily carried over to the estimation problem.

While discussing the finite-sample problem, let us also note
that, in view of the previously mentioned behavior of the
maximum of N independent 47°(0,1) random variables, we can
conjecture that when o is known the optimal value of M will be
approximately ¢(2 In N)!/2. This adds a positive term to the
minimum achievable mean-squared error, and, although this
term tends to zero as N - o0, it does so more slowly than any
algebraic function (being of the form exp [—(In N)'/Z]).

Also note that, if the sample size is finite and ¢ is unknown,
then the problem becomes entirely different. Some memory
must now be devoted to estimating ¢ even though no estimate
of ¢ has been asked for. This is because the optimal value of M
depends on o. This is to be contrasted with the infinite-sample
problem, where no a priori knowledge was needed about o, and
no memory was used to estimate o.

Returning to the infinite-sample problem, certain extensions
are quite simple. First, another cost function or approach (e.g.,
minimum mean absolute error or minimax) makes no difference,
provided the optimal m-level quantizer produces m ordered
intervals as the partitioning of the parameter space ©. Second,
any statistics which yield y = o for all differing values of 0
and which are ““tail monotonic-likelihood” ratio (see following
definitions) are equivalent for this estimation problem.

Definition: The y value between two probability distributions
Py, and P, is equal to the maximum value of the likelihood
ratio divided by the minimum value of the likelihood ratio. As
shown in [9], y is a measure of the resolvability of finite-memory
tests of 6, versus ;. In [9] certain pathologies concerning the
definition of y are also dealt with (e.g., if the maximum-likelihood

_ratio occurs only on a set with measure zero).

Definition: A family of distributions % indexed by 0 € R is
tail monotonic-likelihood ratio if for all 8 and all B < <o there
exist values M; and M, such that @y {X > M'}/P, {X < M,}
> Bfor 6, > 6, and this same ratio is less than B™" for 8; < 0.

For example, if &, is the uniform distribution U@ - %,
0 + %) and the optimal quantizer partitioning of ® = R is
{(—00,0,%),(8,*,62%), - - -(O—2.0m-1),(0m—1,0)} then moving
from state 7 to state i + 1 when X > 8;* + % and from state ¢
to state i — 1 when X < 67 ; — % results in the machine’s
being in the “correct” state with probability one.

A word of caution is in order. The infinite and very large
sample properties depend crucially on the tail behavior of the
distributions {#,} and should not be relied upon in real world
problems unless the distributions of the tails are well known.
However, if memory is limited but not too small, the concepts
developed in this correspondence provide qualitative insights
into the design of good ‘‘suboptimal” finite-memory estimators.
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Finite-Memory Classification of Bernoulli Sequences
Using Reference Samples

BRUNO O. SHUBERT

Abstract—TIt is shown that in two-way Bernoulli classification problems
deterministic machines can perform as well as optimal randomized
machines if their memory is increased by less than one bit. This is
accomplished by allowing the algorithm to observe samples from both
classes, thus in effect using the data source itself to provide the necessary
randomization. An application to a simple communication problem is
indicated.
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